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ABSTRACT

We first show that for a uniform Roe algebra associated to a bounded geom-
etry metric space X, all bounded derivations from that uniform Roe algebra
to itself are inner. We obtain this result using a “reduction of cocycles”
method from Sinclair and Smith. Then the key technical ingredient comes
from recent work of Braga and Farah in their paper “On the Rigidity of Uni-
form Roe Algebras”.

That all bounded derivations are inner is equivalent to the first norm contin-
uous Hochschild cohomology group H!(C#(X), C(X)) vanishing. Tt is then
natural to ask if all the higher groups H2(C!(X),C;(X)) vanish. While we
cannot answer this question completely, we are able to give necessary and
sufficient conditions for the vanishing of H(C(X), C!(X)).

Lastly, we show that if the norm continuous Hochschild cohomology of a
uniform Roe algebra vanishes in all dimensions then the ultraweak-weak*

continuous Hochschild cohomology of that uniform Roe algebra vanishes also.
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1 Introduction

The primary objective of this document is to study derivations on, and the
Hochschild cohomology of, uniform Roe algebras.

Uniform Roe algebras are a well-studied class of non-separable C*-algebras
associated to metric spaces; see below for basic definitions. They were origi-
nally introduced for index-theoretic purposes, but are now studied for their
own sake as a bridge between C*-algebra theory and coarse geometry, as well
as having interesting applications to single operator theory and mathemat-
ical physics. Due to the presence of ¢>°(X) as a diagonal maximal abelian
subalgebra, they have a somewhat von Neumann algebraic feel, but are von
Neumann algebras only in the trivial finite-dimensional case. Moreover, in
many ways they are quite tractable as C*-algebras, often having good regu-
larity properties such as nuclearity.

In Section 2 we will define uniform Roe algebras and discuss some of their
properties. In Section 2 we will also define several different topologies which
we shall employ in our study. Since uniform Roe algebras over a space X are
a C*-subalgebra of the bounded operators on the square summable sequences
over X we may consider several inherited topologies from them such as the
weak operator topology and the ultraweak topology.

In Section 3 we will define and study derivations. Motivated by the
needs of mathematical physics and the study of one-parameter automorphism
groups, it is interesting to study whether all derivations are inner (defined
below 3.1.4) for a particular C*-algebra. In the 1970s, a complete solution
to this problem was obtained in the separable case via the work of several
authors. The definitive result was obtained by Akemann and Pedersen [2]

(see also Elliott [7], which contains a closely related result).



Akemann and Pedersen showed that a separable C*-algebra only has inner

derivations if and only if it isomorphic to a C*-algebra of the form

C@@Si, (1)

il

where C' is continuous trace (possibly zero), and each S; is simple (possibly
zero). In particular, all separable commutative, and all separable simple,
C*-algebras only have inner derivations. However, one might reasonably say
that most separable C*-algebras admit non-inner derivations.

For non-separable C*-algebras the picture is not as clear. It is well-known
that there are non-separable C*-algebras that are not of the form in line (1)
and that only have inner derivations: Most notably, Sakai [18] has shown
this for all von Neumann algebras.

Our first goal in this document is to show that uniform Roe algebras only
have inner derivations. With this result we have a new class of examples
of non-separable C*-algebras that only have inner derivations. Uniform Roe
algebras are von Neumann algebras only in the trivial finite-dimensional case.
They are also essentially never of the form in line (1).

The first Hochschild cohomology measures how close derivations are to
being inner. Hence, our result from Section 3 can be restated as the first
Hochschild cohomology of the uniform Roe algebra vanishing. It is then
natural to ask if the higher dimensional cohomologies also vanish.

Hochschild cohomology was introduced by Gerhard Hochschild in his
1945 paper On the Cohomology Groups of an Associative Algebra [8]. The
Hochschild cohomology of associative algebras has become a useful object of
study in many fields of mathematics such as representation theory, mathe-
matical physics, and noncommutative geometry, to name a few.

Section 4 will begin with the definition and several properties of multilin-
ear maps which are essential to building the Hochschild complex. We then

define the Hochschild complex and Hochschild cohomology as they apply



to multilinear maps from a C*-algebra A to a Banach A-bimodule V. We
then review many properties of these cohomologies from Sinclair and Smith’s
book, Hochschild cohomology of von Neumann algebras [19]. The question of
whether or not the Hochschild cohomology vanishes in all dimensions for the
case of a hyperfinite von Neumann algebra has been answered completely by

Kadison and Ringrose.

Definition 1.0.1 (hyperfinite). A von Neumann algebra M C A(H) is
hyperfinite if there is an increasing family of finite dimensional x-subalgebras

M, whose union is ultraweakly dense in M.

Theorem 1.0.2 ([10] Theorem 3.1). The Hochschild cohomology of a hyper-

finite von Neumann algebra vanishes in all dimensions.

While we are not able to answer the question of whether or not the
Hochschild cohomology vanishes in all dimensions completely for uniform
Roe algebras, in Section 5 we are able to give necessary and sufficient condi-
tions for the vanishing of the higher dimensional Hochschild cohomology of
a uniform Roe algebra. Specifically, if every element of H?(C? (X)) admits
a weakly continuous representation, then H?(C} (X)) = 0. Note that the
converse is trivial.

Lastly, in Section 6, we review the connection between the Hochschild co-
homology of ultraweak-weak™ continuous multilinear maps and the Hochschild
cohomology of norm continuous multilinear maps. We then conclude by
showing that if the norm continuous Hochschild cohomology of uniform Roe
algebras vanishes in all dimensions then so does the ultraweak-weak* contin-

uous Hochschild cohomology.



2 Preliminaries

Inner products are linear in the first variable. For a Hilbert space H we
denote the space of bounded operators on H by Z(H), and the space of
compact operators by K(H).

The Hilbert space of square-summable sequences on a set X is denoted
(*(X), and the canonical basis of £2(X) will be denoted (¥, )zex (We reserve
§ for derivations). For a € Z({*(X)) we define its matrix entries by

Agy 1= (U, ay) .

2.1 Uniform Roe Algebras

We now give some basic definitions regarding uniform Roe algebras.

Definition 2.1.1 (propagation, uniform Roe algebra). Let X be a metric
space and r > 0. An operator a € B((*(X)) has propagation at most r if
ayy = 0 whenever d(x,y) > r for all (z,y) € X x X. In this case, we write
prop(a) < r. The set of all operators with propagation at most r is denoted
Cr [X]. We define

C,[X] = {a € B({*(X)) : prop(a) < oo};

it is not difficult to see that this is a x-algebra. The uniform Roe algebra,
denoted C;(X), is defined to be the norm closure of C,[X] under the norm
inherited from Z((*(X)).

Definition 2.1.2 (e-r-approzimated). Let X be a metric space. Given € > 0
and r > 0, an operator a € Z((*(X)) can be e-r-approzimated if there exists
an b € C” [X] such that ||a — b|| < €. Note that an operator a € Z(¢*(X)) is
in the uniform Roe algebra if and only if given € > 0 there exists an r such

that a can be e-r-approximated.



We will be exclusively interested in uniform Roe algebras associated to

bounded geometry metric spaces as in the next definition.

Definition 2.1.3 (bounded geometry). A metric space X is said to have
bounded geometry if for every r > 0 there exists an N, € N such that for all

x € X, the ball of radius r about x has at most N, elements.

2.2 Topologies

Throughout this document we will use several different topologies. Since the
uniform Roe algebra is a C*-subalgebra of the bounded operators on a Hilbert
space we may consider several inherited topologies from them. Moreover, in
section 6 we will be working in the enveloping von Neumann algebra for
which we will also assign many of the same topologies. While many of these
topologies are familiar to those who work with operator algebras, we record

them here for completeness.

Definition 2.2.1. (The operator norm) The operator norm for a bounded

operator on a Hilbert space is given by

lall = sup [lag]l,,
ll€ll=1
When we refer to the norm topology we mean the metric topology induced

by the operator norm.

There will be topologies other than the norm topology that we will be
concerned with. For the following definitions recall that for a Banach space
X the set of all bounded linear functionals from X to C is the dual of X
denoted X*.



Definition 2.2.2. (The supremum norm) For a bounded function on a set

S to the complex numbers, f : S — C, we define the supremum norm as
[/l = sup | f(2)]
z€eS

Definition 2.2.3. (The Y weak topology) Let X be a vector space and let YV’
be a family of bounded linear functionals on X which separates the points of
X. Then the Y-weak topology on X, written o(X,Y"), is the weakest topology

on X for which all the functionals in Y are continuous.
The next topology is a special case of the previous.

Definition 2.2.4 (The weak* topology, o(X*, X)). Let X be a Banach
space. Note that X embeds into X** via the natural map ¢ : x — = where
i(¢) = ¢(x), ¢ € X*. Moreover, the set X = {& : € X} separates the
points of X*. The weak™ topology on X* is the weakest topology that makes
& continuous for all # € X. This means given any open set U C C, &~'(U)
is open and such sets generate the topology. Hence, V' C X* is open if and
only if for each ¢y € V there is an € > 0 and there is some finite collection
{#:}_, C X such that

m{¢ € X" 1 |2i(o) — Zi(go)| < €} CV;

that is,
M6 € X : [o(w:) — dola)| < e} C V.
=1

Moreover, a net {¢x},c, C© X* converges weak™ to ¢ € X* if and only if
or(r) — ¢(x) in C for each z € X.



Definition 2.2.5 (The weak operator topology, WOT). Let ‘H be a Hilbert
space and let Z(H) be the bounded operators on H. The weak operator topol-
ogy is the topology generated by the family of seminorms p¢ ,(a) = [(a&, n)|,
where £, € H and a € #(H). Equivalently, the WOT is the weakest topol-
ogy that makes that makes linear functionals of the form ¢¢,(a) = (a,n)
continuous. Thus, a set V' C ZA(H) is open if and only if for each a € V
there exists an € > 0 and finite collections {&;}; ;. {m:};_;, € H such that

b eBEH) (@b <} CV

Moreover, a net {ax},., € %(H) converges weakly to a € #(H) if and only
if (ax&,m) — (a&,n) in C for each &, n € H.

Definition 2.2.6 (Strong Operator Topology, SOT). Let H be a Hilbert
space and let Z(H) be the bounded operators on H. The strong operator
topology is the topology generated by the family of seminorms pe(a) = [|a&]],
where £ € H and a € B(H). Equivalently, the SOT is the weakest topology
such that the evaluation maps eve(a) = a& are continuous. Thus, a set
V' C B(H) is open if and only if for each a € V there exists an ¢ > 0 and a
finite collection {&;}_; C H such that

ﬂ{b € BH) : [(a=Db)l <e} CV

Moreover, a net {ax}, ., € %(H) converges strongly to a € Z#(H) if and
only if a\§ — a& in H for each & € H.

The next topology we shall use is called the ultraweak topology. One
must carefully note that in general the ultraweak topology is stronger than
the weak operator topology. We will be using this topology exclusively on
von Neumann algebras and since every von Neumann algebra has a unique

predual by a theorem of Sakai [16], we are able to give the following definition.
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Definition 2.2.7 (Ultraweak topology). The ultraweak topology of a von
Neumann algebra M is the weak™ topology induced by the isometric isomor-
phism (M,)* =2 M where M, is the unique predual of M.

2.3 Functional Analysis Details

Lastly, in this subsection we prove some facts from functional analysis that

we will need.

Proposition 2.3.1. Let 7,5 € #(H) be such that ||T"— S| > e. Then
there exist unit vectors &, n € H such that [((T' — S)¢,n)| > e.

Proof. Since T — S € B(H),

|T — S| = sup |[[(T— S)(|| = M > ¢, for some M € R.
li¢li=1

Thus, there exists a & € H, ||£|| = 1 such that

(T = S)el + (M =€) > HSCI||1£1||(T_S>CH =M,

so that ||(T — S)¢|| > €. Next, |[(T — S)¢|| = L > e for some L € R. Thus,
(T = S)E, (T — S)E)| = L? so that

(' - 5)¢ >‘ L?
T - 9)¢, _ —L>e
o= i=s3e1)| = T
Taking n = % we have that |((T'— S)&,nm)| > € for the unit vectors
&neH. O

Proposition 2.3.2. For some index set I, let {a;},., € #(H) be a uniformly
bounded net weakly converging to an operator a € %(H). Then for any

compact operators k,q € R(H) the net {ka;q},.; converges in norm to kag.



Proof. Suppose not. Then there exists an € > 0 such that for all iy € I there
exists i > i such that [|k(a;)q| > € where a; 3 0. Thus, by Proposition

2.3.1, for each such a; there exist unit vectors &;, n; such that

|(ka;q&i,mi)| = [{aiq&;, kni)| >

DN ™

Next, since k,q € R(H) and all of the &’s and 7;’s are unit vectors, there

exists convergent subnets

% = &, llall = €]l and kng —n, [[k]| = (7]

Thus, letting M be a uniform bound on the a;’s, there exists an g such that

€ € €
1200 k]| 120 ] 12°

1} whenever a > «p,

M@—fHSmm{

and in turn a By > «aq such that

€ € €
120 k]| 120 [l 12°

[kng —nll < min{ 1} , whenever 3 > f.

Additionally, since a; 220 there exists a e = Bo such that
{a;&, )| < i whenever i > ig .
Then, putting this together, we have that
[(aig&, kni)| = [(ai(q€&i — § + &), (kni —n +n))|

< [{as& m + Kai€, (kmi — m))| + [ai(g&i — &), m)| + Kai(g&i — &), (ki — )|
< E
2

a contradiction. O



Proposition 2.3.3. Let (7},)aca be a uniformly bounded net in Z(H) con-
verging strongly to T' € Z(H). Then for any compact operator k € R(H),

the net (T,k)aca converges in norm.

Proof. Suppose for contradiction that (T,k),c4 does not converge in norm.
Let M be a uniform bound on (7,k)4ca. Then there exists an € > 0 such that
for all 7 € A there exists an o;; > j such that ||Tajk — TkH > €. Hence, for all
j € A there exists a &, € (*(X), ||&, || = 1 such that ||(T,,k — Tk)&,,|| > .

Next, since k is finite rank, the image of the closed unit ball of /?(X) is
compact under k. Thus, the net (k{,;)jca has a convergent subnet, k&z — 7.

Then, since (T,)aca converges strongly there exists an o, such that
(Toe — T)n|| < § whenever o > a,.
Moreover, there exists a 3y such that

ks — mll < m whenever 3 > f.

Taking 8 > «,,, 8 > By we have
[(Tsk — Tk)&sll = [|(Ts — T)(k&s —n +n)l

= [I(Ts = T)(n) + (T = T) (k&g — )l

< 1(Ts = TY)Il + (Tl + 1) [1k€s = nll < i +

€ €

4 2
contradicting that ||(Tgk — Tk)Es|| > 5. O

Proposition 2.3.4. Suppose that: (P;);c; is an increasing net of finite rank
projections in ¢*°(X) converging strongly to the identity, (5;);cs is a net in
PB(H) converging weakly to S, and for the unit vectors &, 7 € £(X) we have
that |((T"— S)&,n)| > € for some fixed e. Then there exists a jo such that
I(TP, — )€l > ¢ whenever j > jo

10



Proof. First note that, since P; converges strongly to the identity, P;§ — &

in norm. Thus,

lim (TP, = $,)¢,n) = liny (TP,€,1m) — limn (S,,m) = {(T = $)&,)

jedJ

for some M € R. Hence, there exists a jo such that for all 7 > j, we have
that
[((TF; = S55)6,m) — (T = S5)&m| < M—e

so that
M = |(T' = S)¢,m| < (TP = S)&m+(M—e) = [(T'P; — S5;)§,m)| > €

whenever j > jo. Lastly, since ||n]| = 1, and by the Cauchy Schwarz inequal-
ity,

(TP = S))Ell* = ((TF; = S))€, (TP = 87)8) (n,m) > (TP = Sj)&,m)|” > €.

Thus, taking roots on both sides yields the desired result. O]

11



3 Bounded Derivations on Uniform Roe

Algebras

Note that much of the material in this section has been adapted from Ru-
fus Willett’s and the author’s paper Bounded derivations on uniform Roe

algebras [12]. Here is the main theorem of this section.

Theorem 3.0.1. Uniform Roe algebras associated to bounded geometry met-

ric spaces only have inner derivations.

The key ingredients in the proof are: a basic form of a ‘reduction of
cocycles” argument used by Sinclair and Smith (cf. Remark 3.2.2 [19]) in
their study of Hochschild cohomology of von Neumann algebras; and recent
applications of Ramsey-theoretic ideas to the study of uniform Roe algebras
by Braga and Farah (Lemma 4.9 [5]).

3.1 Derivations

Definition 3.1.1. Let A be a C*-algebra. A derivation of A is a linear map
§: A — A satisfying 0(ab) = ad(b) + d(a)b.

In this document, we always assume that our derivations are defined on
all of A, and are thus bounded by a fundamental result of Sakai [17]. We
denote the commutator of a,b € #(H) by |[a,b] := ab — ba.

Definition 3.1.2 (spatial derivation). Let A C Z(H) be a concrete C*-
algebra. A derivation § of A is spatial if there is a bounded operator d €
PB(H) such that 6(a) = [a, d].

The following is due to Kadison [9, Theorem 4].

Theorem 3.1.3. Let A C ZAB(H) be a concrete C*-algebra. Then every

derivation on A is spatial.

12



Definition 3.1.4. A derivation ¢ of A is inner if there exists d in the mul-
tiplier algebra M (A) of A such that d(a) = [a,d] for all a € A. Let us say
that a C*-algebra A only has inner derivations if all (bounded) derivations

are inner.

Note that the difference between a spatial derivation and an inner deriva-
tion is the location of the element that induces the derivation. That is, if
d(a) = [a,d] is a derivation on a concrete C*-algebra A C Z(H) where a € A
and d € B(H), then 0 is spatial by definition. If further, d € A, then 0 is

mner.

3.2 Averaging over Amenable Groups

In this subsection, we summarize some facts we need about averaging oper-
ators over an amenable group. We shall use this averaging process in this
section to prove Theorem 3.0.1. In the sequel we will use this averaging
process to apply Sinclair and Smith’s ‘reduction of cocycles’ technique.

Let G be a discrete (possibly uncountable) group. If A is a complex
Banach space, we let £°(G, A) denote the Banach space of bounded functions
from G to A equipped with the supremum norm; in the case A = C, we just
write (*°(G). We also equip ¢>*°(G, A) with the right-action of G' defined for
a € l*(G,A) and h,g € G by

(ag)(h) := a(hg™").

If Z is any set, a function ¢ : £°(G, A) — Z is invariant if ¢(ag) = ¢(a) for
all a € (°(G,A) and g € G.

Recall that G is amenable if there exists an invariant mean on £>°(G), i.e.
an invariant function ® : ¢>°(G) — C that is also a state. Fix an invariant
mean ¢ on (*(G) and let B be a complex Banach space with dual B*.
We may upgrade an invariant mean on ¢*(G) to an invariant contractive

linear map (*°(G, B*) — B* in the following way. Let b € B, g € G, and

13



a € (G, B*), and write (b,a(g)) for the pairing between b and a(g). Define
a map

Uy, :G—C by g (ba(g)).

Note that [Wp4(g)| = [(b;a(9))| < llallye(g py IVl for all g € G. Hence,
Uy, € (°(G) for all b € B and for all a € (*°(G, B*) so that when we apply

¢ we get a complex number ¢ (¥, ,). We now define a map
®,:B—C by b— O(¥,,).

Observe that, since ® is a state,

[Pa ()] = [2(Vpa)| < Wallpe () < llallpoe(ape) 1015 (2)
and so ¢, € B*. Lastly, we define
U :(*(G,B*) — B* by a~— 9,.
Lemma 3.2.1. With notation as above, the map
U : (*(G,B*) — B* defined by a— P,
15 uniquely determined by the condition
(b, W(a)) = @({b, a(-))) (3)

for b € B and a € {>*(G, B*). It is contractive, linear, invariant, and acts

as the identity on constant functions.

Proof. To show uniqueness let © : (*°(G,B*) — B* be a map that also

satisfies

(b,6(a)) = ®((b,a(-))) for all be B, a e (G, B*).

14



Let a € {>(G, B*) be fixed but arbitrary. Then
(b,0(a)) = ®((b,a(-))) = (b, ¥(a)) for all be B.
Thus, ©(a) = ¥(a) and since a was arbitrary © = .

Note that
W (a)| = [[Pall < llallpe (g, B

by (2) and so W is contractive.

To see that W is linear let b € B, a,a’ € (G, B*), and A € C. Note that
(b, (a+ Xa")(g)) = (b,a(g)) + X (b,d'(g)) for all g € G
so by (3) we have
(b, U(a+Ad")) = ®(Vy (aira) = P(Vp0) +AP(Vp ) = (b, ¥(a))+A (b, ¥(a'))

= (b, ¥(a) + A\¥(a))

and so U(a + \a’) = ¥(a) + A¥(a’) since b was arbitrary.
Next recall that ¥ is invariant for G if U(ag) = ¥(a) for all ¢ € G and
all a € (~°(G, B*). Let g,h € G and observe that

\Ijb,ag(h> - <b7 ag(h)> = <bva(hg_1)> = qu,a(hg_l) = (\Ijb,ag)(h)

so by the invariance of ® we have
(0, ¥(ag)) = ®(Vpag) = P(Vo,a9) = P(Vpa) = (b, ¥(a))

for all b € B. Thus, ¥(ag) = ¥(a) so that U is invariant for G.

15



Lastly, suppose that a € ¢>°(G, B*) is constant. That is, a(g) = vy € B*

for all g € GG. Then, since ® is a state, we have

<b? \Il(a» = ®<\Db,a) = Q)(<b, U0> 15°°(G)> = <b7 v0> q)(léw(G)) = <bu v0>

and so ¥(a) = vp. O

Before we conclude with the properties of ¥ we will introduce an action
by a C*-algebra A on B*. We then ‘upgrade’ this action to an action on
(>°(G, B*) and B. Once this is done we will be able to show that U behaves
‘like’ a conditional expectation. That is, for z,y € A, f € (>*(G, B*),
U(x-f-y)=x -Y(f)-y. First, we will need a few definitions and lemmas.

Definition 3.2.2. (Nondegenerate action) We say that a x-algebra A acts
nondegenerately on a left (resp. right) A-module V if AV = V.

Definition 3.2.3 (Banach A-bimodule). Let A be a C*-algebra. We say
that V is a Banach A-bimodule if A acts nondegenerately on )V from both
the left and the right and ¥V has a norm under which it is a Banach space.

Moreover, the norm on )V satisfies
lavlly < lallillolly and vl < vl llal, forall a € A, ve V.

Lemma 3.2.4. Let A be a C*-algebra and suppose that B* is a Banach
A-bimodule. Then we can make (>°(G, B*) a Banach A-bimodule via

(- f)lg):==xz-f(g), and (f x)(g9) = f(g)-x

where f € {*(G,B*), x € A, and g € G.
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Proof. Let f, f' € {~(G, B*), and z,y € A. First note that,

|2 fllpe = sup ||z f(9)llpe < @l gsup|[f (D)5 =12l 4 1]
geG geq

and

1f - 2|l =sup |l f(g) - [ g <sup || f(@)l g Tllg = 1 F e N2l 4-
geG geG

Next, observe that for all g € G, € C

1. (z

AN =2 (A + 1)) =2-(A\flg)+ f(9) =z-Af(g)+
z- f'(g)=x- f+x-f)(g)

2. (Az+y)-f)lg) = QAz+y)-(f9) = Az f(9) +y- flg) = (Az- f)(g) +
(y-f)g) =z f+y-f)g), and

3. ((wy)-f)g) = (xy)-flg) =2-(y-fl9) =x-((y- f)9)) = (x-(y-f))(9)

with similar calculations when A acts from the right.
Thus, ¢>°(G, B*) is a Banach A-bimodule. O

Before we upgrade the action of A on B*, to an action on B we will need

the following theorem.

Theorem 3.2.5 ([15] Theorem IV.20). The o(X,Y) continuous linear func-

tionals on X are precisely Y .

Proof. Let £ be an arbitrary o (X, Y')-continuous linear functional on X. Note
that the set Ly := {z € X : [{(x)] <1} is a 0(X,Y’) open set in X since
¢ is continuous in this topology. Moreover, 0 € L;, and so there exists
{y:}7_, CY and a € > 0 such that

LiD{zxe X :|y(z)| <eie{l,...,n}}.
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Next, let K :={zx € X :y;(x) =0,7€ {1,...,n}} so that L; O K. Note
that, yx € K whenever x € K for all 7 € C by the linearity of the y;’s. Thus,
for any x € K,~ > 0 we have,

|€(7_1x)| <1l <= |[l(z)] <.

Letting v — 0, we see that ¢(z) = 0 for all z € K. Thus, we may define ¢ on
X/K by l(z+ K) = {(z). Note that, by [11] Proposition 1.1.1,

(= Z o;7; for some «; € C, since span{y,...,y,} = (X/K)".
i=1
Thus, £ = """ a;y; € Y. Since ¢ was arbitrary, we are done. n

Lemma 3.2.6. Let A be a C*-algebra and suppose that B* is a Banach
A-bimodule such that for b* € B* and x € A the maps

L, :b"—2-b" and Ry : 0" —b"-x

are weak™ continuous. Then we can make B an A-bimodule via actions that

satisfy
(x-b,b") = (b,a" - b*) and (b-x,b") = (b,b" - z*) where be B.

Proof. First, we dualize B* with respect to the o(B*, B) topology which we
denote by B*T. Note that the topology on B*' is the weakest topology that
makes the evaluation maps evy, : b* — C continuous. Moreover, by Theorem
3.2.5, B*T = B. Thus, dualizing the maps L, and R, with respect to the
o(B*, B) topology the maps L! and R} are maps on B for all z € A.
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Next, let z,y € A, b* € B*, A € C, and let b,c € B. Observe that,

L (z-(Ab+¢),b") = (Ab+¢),x* - b*) = (Ab,a™ - b*)+(c,z* - b*) = (x - Ab,b*)+
(x-c, by =((Ax-b+z-c),b")

2. <(>\3§ + y) - b, b*> = <b, ()\ZE + y)* . b*> = <b,xx* . b*>_|_<b7 e b*> _ <)\ZB b, b*>—|—
(y-b,0") = ((Ax-b+y-b),b*), and

3. ((wy) - 0,07) = (b, (xy)™ - b") = (b,y" - (2 - b)) = {y - b, 2" - b*) = (- (y - b),b")

with similar calculations when A acts on the right. Thus, the action defined
above is a well defined action on B.

]

Lemma 3.2.7. Let A be a C*-algebra and suppose that B* is a Banach
A-bimodule such that for b* € B* and x € A the maps

b*—x-b* and b* —= 0" -z

are weak™ continuous. Then the averaging operator ¥ : (*°(G, B*) — B* as

defined above has the property that

Ule-f) =2 U(f) and U(f-2) = V() 2

Proof. Let b€ B, f € (>(G,B*), and z € A. Observe that

(b,x-U(f)) = (@™ b,W(f)) = ((z" - b, f(1))) = ©((b, (- [)(-))) = (b, ¥(z - [))
with a similar calculation when A acts on the right. O]

Initially we will be using this averaging process in conjunction with the
commutator bracket. However, in the sequel we will also be using this ma-
chinery to average over multilinear maps. Rather then defining new maps for

each situation, and since our averaging operator enjoys all of the properties
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(except for countable additivity) as if we were integrating over a normalized
Haar measure, we will use integral notation to denote our averaging operator.
That is, if U is as above for a € (>°(G, B*) and g € G we define

V(a) =: /Ga(g) d p(g).

Note that, in the non-compact amenable case, p is not a measure; it serves
only as a notational device. For completeness we enumerate the properties
of the averaging operator in integral notation below. Let a,b € (*(G, B*),
9,9 € G, ve B*, and A € C we have:

1. linear

/G (a+ A)(g) d u(g) = /G alg)dp(g) + A / b(u) d u(g),

G

[ astg)dntg) = [ atg)duly), and
G

G

2. contractive

/G a(g) d u(g)

< HCLHZOO(G,B*)7
B*

3. invariant

4. acts as the identity on constant functions

/Gvdu(g)zv-

5. Lastly, if B* is an A-bimodule for a C*-algebra A and the action is
weak™ continuous as in Lemma 3.2.7, then the averaging operator is a

A-bimodular map

/Gxa(g)ydu(g) =z (/G a(g)du(g)> y v,y €A
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We will apply this machinery in the case that B = £1(¢*(X)) is the trace
class operators on £2(X). In this case, the dual B* canonically identifies with
B((*(X)): indeed, if Tr is the canonical trace on £1(*(X)), b € L} (F*(X)),
and a € #((*(X)), then the pairing inducing this duality isomorphism is
defined by

(b,a) := Tr(ba). (4)

The next lemma says that our averaging process behaves well with re-
spect to propagation. The main point of the lemma is that the collection of
operators in %((*(X)) that have propagation at most r is weak-x closed for

the weak-* topology inherited from the pairing with £'(¢£*(X)).

Lemma 3.2.8. With notation as above, if r > 0 and a € (>(G, B((*(X)))
is such that the propagation of each a(g) is at most r for all g € G, then the
propagation of [ a(g)du(g) is also at most r.

Proof. Let e, € L'((*(X)) be the standard matrix unit. Then one computes
using line (4) above that for any a € Z(*(X)),

<€yw7 ay = Tr(eyxa) = Qgy- (5)
Using lines (3) and (5), we see that
(e [ a@)du0)) = [ tepnato) dnto) = [ atoheyduto)

where the last expression means the image of the function

G —C, g~ a(g)s, under the invariant mean.
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Now, if d(z,y) > r, we have that a(g),, = 0 for all g € G, and therefore that
Jo@(9)ay d pu(g) = 0. Hence, by the above computation,

d(x,y) >r implies <ey$,/Ga(g)d,u(g)> =0.

Using line (5), this says that [, a(g) d uu(g) has propagation at most r, so we

are done. O

Lemma 3.2.9. With notation as above, say that there is a unitary rep-
resentation g v ug, of G on (*(X). For any fized d € B((*(X)), define
a € (°(G, B(*(X))) by alg) = uwidu,. Then [, a(g)dpu(g) is in the com-
mutant of the set {u, | g € G}.

Proof. Let h € G. Then by Lemma 3.2.7,

uh/GuZdugdu(g) :/Guhu;dugd,u(g):/c;u;h1dugd,u(g).

Making the ‘change of variables’ & = gh~! and using right-invariance of the

map a — [, a(g)dpu(g), this equals

/G () *dugn d u(k) = /G g, d (k).

Using Lemma 3.2.7 again we get [, updugun d p(k) = [, updug d p(k)up, so

are done. [

3.3 A Result of Braga and Farah

Note that in the averaging process from the previous subsection, convergence
is happening in the weak-* topology of #(H). However, by Lemma 3.2.8, we
know that the averaging process behaves well with uniformly finite propaga-
tion operators. In this subsection, we present a result of Braga and Farah

from [5, Lemma 4.9] (see Theorem 3.3.2 below) which will allow us to work
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with uniformly finite propagation operators. This theorem will allow us to
uniformly e-r-approximate (Definition 2.1.2) a € (U, B(¢*(X))) where U
is the unitary group of ¢>°(X). That is, given € > 0, there exists a single
r > 0 for all u € U such that a € (*(U, B((*(X))) can be e-r-approximated.
Our argument is slightly different in that we only insist that the summations
in the next definition converge in the weak operator topology whereas Braga
and Farah use strong operator topology convergence in their proof.

To state the result, let D := {z € C | |z| < 1} denote the closed unit disk
in the complex plane. Let I be a countably infinite set, and let D! denote as
usual the space of all I-indexed tuples \ := (\;);c; with each \; € D. We fix

this notation throughout this section.

Definition 3.3.1 (symmetrically summable). A sequence (a;);es is symmet-
rically summable if for all X € D', the sum »_,_; \;a; converges in the weak
operator topology to an element of C(X). If (a;) is symmetrically summable

and A = ();) is in D, we write ay for the operator Y, ; A;a;.

Theorem 3.3.2. Let (a;) be a symmetrically summable collection of oper-
ators in C(X). Then for any € > 0 there exists r > 0 such that for all

A\ € D!, the operator ay is e-r-approzimated.

The content of the result is the order of quantifiers: the point is that
given an € > 0 there is an » > 0 that works for all the a) at once. The
proof of Proposition 3.3.2 proceeds via an application of the Baire category

theorem to the following sets.

Definition 3.3.3. Say (a;) is symmetrically summable, and for any €,r > 0
define
U, :={\ €D’ | ay can be e-r-approximated}.

Note that the hypothesis of Theorem 3.3.2 says that for any € > 0,

W:G@h (6)
r=1
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while the conclusion of Theorem 3.3.2 says that for any € > 0 there exists r
such that D! = U,,..

We equip D with the product topology, which is compact (by Tychonoff’s
theorem), so in particular a space to which the Baire category theorem ap-
plies.

We will first show that the sets in Definition 3.3.3 are closed for any
symmetrically summable (a;). Then we will show that if (a;) does not satisfy
the conclusion of Theorem 3.3.2, there is € > 0 such that for all » > 0, U, . is
nowhere dense in D/. As we have the union in line (6), this contradicts the
Baire category theorem and we will be done.

We now embark on the proof that U, is closed. We will need two pre-

liminary lemmas.

Lemma 3.3.4. (i) Ifa is a bounded operator on (*(X) such that for all fi-
nite rank projections p in £>°(X) the product pap can be e-r-approzimated,

then a itself can be e-r-approximated.

(ii) Say a is a bounded operator on (*(X) and €,r > 0 are such that for all

d >0, a can be (e+0)-r-approximated. Then a can be e-r-approximated.

Proof. (i) Let J be the net of all finite rank projections in £>°(X), equipped
with the usual operator ordering. For each p € J, choose b, € C},[X]
such that ||pap—b,|| < e. Then the net (b,),es is norm bounded, so has
a weak operator topology convergent subnet, say (b, ),e.r, converging to
some bounded operator b on £2(X). Note moreover that lim,e »» p equals
the identity in the weak operator topology, and so lim,c pap = a and

limye y(pap — b,) = a — b in the weak operator topology.

Now, as weak operator topology limits do not increase norms, we see
that

la —b|| < limsup |[pap — b,|| < e.
peJ’
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Hence to complete the proof, it suffices to show that b is in fact in
Cr'[X]. Indeed, for each (z,y) € X x X, the function taking a bounded
operator ¢ on ¢*(X) to its matrix entry c,, is weak operator topology

continuous. Hence, if d(z,y) > r then

by = ;ig?, ((bp)ay) =0 and so b€ C [X].
(ii) For each n, let b, € CI[X] be such that |ja — b,|| < e+ 1/n. As in
the previous part, there is a subnet (b,;);es of the sequence (b,) that
converges to some b € CI'[X] in the weak operator topology. As weak

operator topology limits cannot increase norms, we see that

la —b|| < limsup [ja — by, || <limsup(e +1/n;) = ¢,
jed jeJ

which shows that a can be e-r-approximated as claimed. O

Lemma 3.3.5. Say (x;)ics s a collection in a Banach space such that ), \ix;
converges in norm for all (\;) € D!, Then for any 6 > 0 there exists a finite
subset F' of I such that for all (\;) € D!

i€I\F

< 0.

Proof. For notational convenience, identify I with N, so we are just dealing
with a sequence (z,,). Assume for contradiction that there exists § > 0 such
that for all N there exists (\,) € DY such that

Z AT

n>N

> 0.
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We will inductively define sequences (A™)%_, of points in DY and
Ny < M; < Ny < My < --- of natural numbers such that for all m,

Mm
Z g,

n=Npy+1

> 6/2.

Indeed, let m = 1, and let N; and A" be such that

Z AN g

n>Ny

> .

As Zn> N A,(ll)xn is norm convergent, there exists M; > N; such that

Z AD g

n> My

<6/2

(such exists by our convergence assumption). Now, having chosen N; <
M, < Ny < --- < My, let us choose N,,41 > M, and (A\)™*Y so that

Z /\1(1m+1)mn > 4,
n>Nm+1
and choose M,,+1 > Np,+1 such that
Z Aty 1< 6)/2.
7L>Mm+1

Then the constructed sequences have the desired properties.
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Now, define a new sequence A € DY by the formula

0, otherwise.

Then > > | A\,x,, converges in norm. In particular, it is Cauchy. This implies
that for all suitably large m, || Zﬁm]\,m +1 Any|| < 0/2, which contradicts the

properties of our construction. 0

Lemma 3.3.6. Say (a;) is a symmetrically summable collection. Then for
any €,7 > 0 the set U, of Definition 5.5.5 is closed.

Proof. Assume for contradiction that for some €,7 > 0, U., is not closed.
Then there exists some A\ € E\ Uer. As A € U, we have that a) cannot
be e-r-approximated. Using (the contrapositive of) Lemma 3.3.4, part (i),
there exists a finite rank projection p € ¢*°(X) such that pa,p cannot be
e-r-approximated.

Now, for any € D', the sum Y, ; n;a; defining a,, is weakly convergent.
As p is finite rank, this implies that the sum ) ,_, pn;a;p is norm convergent
(cf. 2.3.2). Hence using Lemma 3.3.5, for any § > 0 there exists a finite
subset F' of I such that

> pniaip

i€\ F

<0 (7)

for all n € D! (and in particular for n = )\). As F is finite, the set
{nEDI ‘ |F|ma}7x||ai|||ni—)\i| < ¢ for alliGF} (8)
1€

is an open neighborhood of A for the product topology. As A is in the closure
of Ue,, the set in line (8) contains some 6 € U,,. In particular pagp can be

e-r-approximated, so there is b € C},[X] be such that ||pagp — b|| < e.
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Note that
[paxp — b|| < |lpagp — b|| + |[paxp — pagp||

> bipaip

i€\ F

< |lpagp — bl + + +

> (A —6)paip

el

> Nipagp

i€\ F

The first term on the bottom line is bounded above by € by choice of b, the
second is bounded above by § using that 6 is in the set in line (8), and the
third and fourth terms are bounded above by 0 using the estimate in line (7)
(which is valid for all elements n of D).

Thus, we have shown that for arbitrary ¢ > 0, there exists b € C![X]
such that ||payp — b|| < € 4+ 3. Using Lemma 3.3.4, part (ii), this implies
that pa,p can be e-r-approximated. This contradicts our assumption in the

first paragraph, so we are done. O

Now we turn to showing that if the conclusion of Theorem 3.3.2 is false,
then for suitably small € > 0, all the sets U, of Definition 3.3.3 are nowhere

dense in D?. We need another two preliminary lemmas.

Lemma 3.3.7. If K is a norm-compact subset of C(X) then for any e > 0

there exists r > 0 such that all operators in K can be e-r-approximated.

Proof. We choose a finite subset {ay,...,a,} € K such that every point of
K is within €¢/2 of an element of {ai,...,a,}. As each q; is in C}(X), it
can be €/2-r;-approximated for some 7;. Is then straightforward to see that

r = max{ry, ...,r, } has the desired property. ]

Lemma 3.3.8. Let (a;) be a symmetrically summable collection that does
not satisfy the conclusion of Proposition 3.3.2. Then there is an € > 0 so
that for all v > 0 and all finite subsets F of I there exists (\;) € D! such

that ZieI\F Aia; cannot be e-r approrimated.

Proof. Let (a;) be as in the statement. Then there exists § > 0 such that for

all 7 > 0 there exists A € D! such that a, is not 6-r-approximable. Assume
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for contradiction that the conclusion of the lemma fails. Then there exists
s > 0 and a finite subset F' of I such that for all ();) € D! we have that
Y ic n\F Aidi 18 6 /2-s-approximated. As F' is finite, the set

K:{Z)\laz )\EDI}
1€F

is norm-compact. Hence Lemma 3.3.7 gives t > 0 such that every element of

K can be §/2-t-approximated. Now, for arbitrary A € D/,

ay = Z Aia; + Z Ai@i;

el iel\F

as the first term above can be d/2-s-approximated, and as the second can be
d/2-t-approximated, this implies that a) can be J-max{s,t}-approximated.
As X was arbitrary, this contradicts the first sentence in the proof, and we

are done. O

As already noted after the statement of Theorem 3.3.2, the following

lemma completes the proof of the theorem.

Lemma 3.3.9. Say (a;) is a symmetrically summable collection that does
not satisfy the conclusion of Proposition 5.5.2. Then there is € > 0 such that
for each r > 0 the set U., of Definition 5.5.3 is nowhere dense in DI .

Proof. Let ¢ > 0 have the property from Lemma 3.3.8. We claim that
€ := €/ /2 has the property required for this lemma. Assume for contradiction
that for some r > 0, U,, is not nowhere dense. Lemma 3.3.6 implies that
Ue, is closed, and so it contains a point A in its interior. Then by definition
of the product topology there exists a finite set F' C [ and § > 0 such that
the set

Vi={neD ||n—\N|<dforalicF} 9)

is contained in U,,.

29



Note that the element ), . Aja; is in C};(X) by assumption, so can be e-
s-approximated for some s; let by € C;[X] be such that || >, Nia; —by|| < e
On the other hand, Lemma 3.3.8 gives us n € D so that ZieI\F 7;a; cannot

be €/-max{r, s}-approximated. We may further assume that n; = 0 for ¢ € F..

Define 6 € D! by
6, = N 1EF
n 1¢F

Then 6 is clearly in the set V' of line (9), and so ay is e-r-approximated. Let
then by € C;[X] be such that ||ag — bg|| < e. We then see that

b)\ — Z )\iai

icF

llan = (b = b} < llay — ag + ba[| + [lag — byl| < + llag = boll

The terms on the right are each less than e by choice of by and by, and so
lla, — (bg —by)|| < 2e = €. As by + by has propagation at most max{r, s}, this
contradicts the assumption that a, cannot be ¢-max{r, s}-approximated, so

we are done. ]

3.4 All Bounded Derivations on Uniform Roe Algebras

are Inner

Proof of Theorem 3.0.1. Let § : Cf (X) — Cf (X) be a derivation. Theorem
3.1.3 implies that ¢ is spatially implemented, so there is d € %(¢*(X)) such
that 6(a) = [a, d] for all a € C(X). We will show that d is in C(X).

Let U be the unitary group of £>°(X), equipped with the discrete topology.
As U is abelian, it is amenable (see for example [3, Theorem G.2.1]), and so
we may fix a right-invariant mean on ¢>°(U). As in Lemma 3.2.1 above, this

allows us to build a right-invariant, contractive, linear map

U, BUAX))) = BE(X)), ars /u a(u) d pu(u). (10)
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We apply this to the bounded function
U— B(C(X)), u—u'du

to get a bounded operator
d = / w*dud p(u) € B((X)).
u

Using Lemma 3.2.9 applied to the identity representation of U, d’ is in the
commutant of U. As U spans (>°(X), and as *°(X) is maximal abelian in
B((*(X)), this implies that d’ is in (*°(X). To show that d is in C}(X), it
therefore suffices to show that h:=d — d' is in C}(X).

Continuing, let p, € Z(¢*(X)) be the rank one projection onto the span
of the Dirac mass at x. For an element f of the unit ball of £>°(X') (considered

as a multiplication operator on ¢?(X)), write f as a strongly convergent sum

=Y f(@)pa.

zeX

Then using strong continuity of subtraction, and separate strong continuity

of multiplication on bounded sets,

F.d) = [ f@ped] = Y F@)pe.d)
zeX zeX
On the other hand, by the assumption that § is a derivation on C}(X), [f, d]
is in CF(X) for all f € ¢°(X). It follows that if we set I = X, and if for
each x € X we set a, := [p,,d], then the collection (a,).cx satisfies the
assumptions of Proposition 3.3.2. Hence, for every € > 0 there exists r > 0
such that for every f in the unit ball of ¢*°(X), the operator [f,d] can be
e-r-approximated. In particular, using that any v € U has propagation zero
and norm one, for any € > 0 there exists r > 0 such that d — v*du = u*[u, d]

can be e-r-approximated.
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For each u € U, we can therefore choose a(u) of propagation at most
r such that b(u) := d — u*du — a(u) has norm at most e. Note that the
functions a : u — a(u) and b : u — b(u) are in £°(U, B((*(X))). Hence we
may consider their images under the map in line (10).

Using that the map in line (10) is linear and acts as the identity on

constant functions (see Lemma 3.2.1), we see that

Lqmdmm+lﬁwmﬂmpiéd—demm:d—/wmmwm

u
—d—d =h. (11)

On the other hand, [, a(u)d p(u) has propagation at most r by Lemma
3.2.8, and [, b(u)d p(u) has norm at most € as the map in line (10) is con-
tractive (see Lemma 3.2.1). In particular, line (11) writes h as a sum of an
element of C}(X), and an element of norm at most e. As ¢ was arbitrary, h

is in C¥(X), and we are done. O
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4 Hochschild Cohomology

To motivate this section first note that the Hochschild coboundary operator

from a C*-algebra A to the linear maps from A to itself is given by
da(b) = ab — ba, a,b € A.

Thus, da is an inner derivation. Next, the coboundary operator from linear

maps to bilinear maps from A to itself is given by

99(a,b) = ag(b) — p(ab) + ¢(a)b.

Hence, the kernel of this coboundary operator is the set of derivations on
A. So, taking this kernel and modding out by the image of the previous
coboundary, if zero, means that all derivations on A are inner. Thus, by
the previous section, the first Hochschild cohomology of uniform Roe alge-
bras associated to bounded geometry metric spaces vanishes. This naturally
leads to the question of wether or not the higher dimensional Hochschild
cohomology groups of the uniform Roe algebra vanish also.

In this section we introduce Hochschild cohomology, its construction, and

several properties of Hochschild cohomology.

4.1 Multilinear Maps

In this subsection we recall some properties of multilinear maps that we will

need.

Definition 4.1.1 (Multilinear map). Let A and V be vector spaces. An
n-linear map, or a multilinear map, is a map from the n-fold product of A
to V,

p: A" =V,

that is separately linear in each of its variables. That is, for an arbitrary
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i € {1,...,n}, holding the other coordinates steady, and z,y € A, A € C we

have
¢(a17 s G, Ax + Y, Qit1s - - - 7an)

- AQS(CLl, sy A1, T Qi1 - 7an>

+¢(a1, PN PRI T I P B ,an>.
Lemma 4.1.2. Let ¢ : A" — V be a multilinear map between Banach spaces.
Then ¢ is separately norm continuous if and only if there exists an M > 0
such that

[¢(ars . s an)lly < M lar]| g~ - llan]] 4 -

When such an M exists we say that ¢ is bounded.

Proof. We induct on n. If n = 1 this is just the standard result about lin-
ear transformations between normed spaces, see for example [6] Proposition
II1.2.1. Next, suppose our result holds for all £ such that 1 < k <n —1; we
show that it holds for n.

First, suppose that ¢ is separately norm continuous. For each
a:=(ay,...,a,_1) € A" define

¢a: A=V by x— dlay,...,an1,T).
Additionally, for each fixed z € A define ¢, : A" =V
by (a1,...,an_1)+— ¢(as,...,an_1,).

Note that since ¢ is separately norm continuous both ¢, and ¢, are bounded
by the inductive hypothesis. Thus, for each x € A, there exists an M, > 0
such that

sup [ pa()]| = sup | ¢ ()]l
laill,--llan—1]=1 laill,--llan—1]]=1
< sup M, ||ay|| -+ ||an-1]] = M, < 0.
llaill,-llan—1]=1
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By the uniform boundedness principle this implies that there exists an M > 0
such that

sup |pa(2)|| < M ||z|| for all z € A.
lasll,-;llan—1[l=1
Note that, since ¢ is multilinear, if any of the a, € {ay,...,a, 1} is zero

then
o(ay,...,an_1,2) =0.

Now suppose that a; # 0 for all a; € {ay,...,a,-1}. Observe that

1

lal[-- - llan—1|

| lp(ar, . an-p,2)| < sup [lga(2)]| < M ||

llaxll,--llan—1l=1

Rearranging, we have that

[p(ar, .., an, )| < M [z lar][ - - flan—]]

and so ¢ is bounded.
Next, suppose that ¢ is bounded. Thus, there exists an M > 0 such that

[par, ., an)ll < Mllar]] - [Jan]] -

Let aq,...,a,_1 € A and let € > 0 be given. Set § = m and let
z,y € Asatisfy || — y|| < J. Then,

[par, ., an, 2 = y)l| < Mz =yl flar][-- - flan]l <

so that ¢ is separately norm continuous. O]

Definition 4.1.3 (operator norm). Let A and V be Banach spaces and let
¢ A" =V be a bounded multilinear map. We define the operator norm of
¢ by

10ll,, = sup l@(ar,... an)lly -

HU’IH»"'?IIanHSl
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Lemma 4.1.4. Let A be a C*-subalgebra of a von Neumann algebra M.
Additionally, let V be the dual space of a Banach space V,. If A is the natural
ultraweak closure inherited from M and ¢ : (A)™ — V is a multilinear map
that is separately ultraweak-weak™ continuous, then, ¢ is bounded (and so

separately norm continuous).

Proof. By Lemma 4.1.2 , it suffices to consider n = 1. Suppose that ¢ : A —
V is an ultraweak-weak* continuous map. Now, suppose for contradiction
that ¢ is not bounded. Then for each n € N there exists an z,, € A such
that ||¢(x,)|| > n||x,||. Since the inequality is strict and our map is linear,

x, # 0 for all n so we may set z, = Hi—"” so that

[¢(z)|| >n and {z,},cn € {a € A: [la]| =1}.

Note that, this sequence is contained is the closed unit ball of A which is
ultraweakly compact by the Banach-Alaoglu theorem. Thus, it contains a
convergent subnet, say {2}, converging ultraweakly to some z € A. Let
h : K — N be the monotone final function of this subnet. Next, for w € V,
and v € V let (w,v) be the pairing between w and v. Then, since ¢ is
ultraweak-weak™® continuous, ¢(z;) — ¢(z) weak™. Thus, given w € V, there
exists a kg € K such that

{w, d(zx — 2))| < ||lw|| whenever k > kg
so that

sup [(w, o(zx))| < [lwll + o) Jw]] = (L + [|o(2)[]) [[w]] -

k>ko

Hence, by the uniform boundedness principle we have that !

sup [|p(zp)|| < M < oo (12)
k>ko

!'Updated 9/28/21
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Next, let n > M. Then there exists a k; € K such that h(k;) > n.
Additionally, there exists a ko > k1, ko so that h(ks) > n. Thus, ||¢(z, )] > n
which contradicts (12). O

4.2 The Hochschild Complex

In this subsection we discuss the Hochschild complex and define its cohomol-

ogy.

Definition 4.2.1 (Dual module). Let A be a C*-algebra. we say that V is
a dual module of A if:

(i) V is a Banach A-bimodule (Definition 3.2.3),
(ii) V has a pre-dual V,,

(iii) and the maps
Y —V defined by = +— axr and z — xa

are weak™® continuous for all a € A.

Definition 4.2.2 (Dual normal module). Let M be a von Neumann algebra.

we say that V is a dual normal module of M if:
(i) V is a dual M-bimodule,

(ii) and the maps
M —V defined by m — max and m +— zm

are ultraweak - weak® continuous for all x € V.

Definition 4.2.3 (Subdual). Let A be a C*-algebra and let V be an A-

submodule of a dual module (as in Definition 4.2.1) W (under the same
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*

action) that is also a dual space; that is, W has a predual W, where (W)
W. We will call such a module V a subdual of WW. Note that we are not
requiring V to be a dual space, just that it is a submodule of a specified
dual space. Moreover, if A is a C*-subalgebra of a von Neumann algebra
M where W is a dual normal M-module and the action of A on V is the
inherited M-action on W then we say that V is a subdual normal A-module
of W.

An example of a subdual normal module is the uniform Roe algebra act-
ing on itself by multiplication. C (X) acts on Z(¢£*(X)) by multiplication
making Z((*(X)) a C* (X)-module. B((*(X)) is a dual space with pred-
ual £1(¢*(X)), the trace class operators. So C7 (X) is a submodule of the
dual space Z((*(X)). However, C* (X) is not usually a dual space. This
additional structure on the submodule allows us to use the relative weak™®

topology inherited from the parent module.

By Z"(A,V) we mean the vector space of separately norm continuous
multilinear maps from the n-fold Cartesian product of A to the A-bimodule
V when n > 1 and Z2(A,V) := V.

Let A be a concrete C*-algebra. If W is a dual normal A-bimodule with
subdual V, we use the notation .ZJ(.A,V) to indicate the vector space of

multilinear maps that are separately ultraweak-weak™® continuous; that is,

for p € ZI(A,V)
if {a,} C A is anet such that a, — a € A ultraweakly in B(H)

then ¢(...,a0,...) > ¢(...,a,...) €V weak™ in W.
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When we write £ (A, V) then either subscript may be attached. Con-
sidering A as a module over itself we will simply write £ (A). Additionally,
we equip both Z*(A, V) and Z(A, V) with the operator norm.

Remark 4.2.4. Note that while £*(A,V) is complete in norm, we are not

assuming, nor do we require these vector spaces to be complete in norm.

To define the Hochschild cohomology we first construct the cochain com-

plex

0= .29AV) S 22UV S & 2ra ) S 27Uy S

for both the norm continuous and ultraweak-weak™ continuous cases where
the coboundary operator 9 : Z"(A,V) — L"1(A,V) is defined by

(&b)(al, Ce ,anH) = al(b(aQ, e ,an+1)

+> (=1Y¢(ar, ... aja41, ... ang)

j=1
+(=1)""o(ay,...,an)ane (n>1)

and for n =0

(Ov)(a) =av —va (veEV,a€ A).

A straightforward calculation shows that 9 is always zero. The n!* Hochschild
cohomology group H?(A,V) (resp. H(A,V) in the ultraweak-weak* case)
is the quotient vector space

_ker(0: LA V) = LMHAY))

H"(AV) = im(d : L 1AV) = L(AV))
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Additionally, when we consider A as a module over itself we simply write
H™(A). The cohomology obtained from this construction is the Hochschild
cohomology. We call an element ¢ € ker(d : Z"(A,V) — ZL"(A,V)) a
cocycle, and we call an element ¢ € im(9 : L" 1A, V) — ZL"(A,V)) a

coboundary.

Definition 4.2.5 (multimodular maps). Let A be a C*-algebra and let ¢ :
A" — V be a bounded multilinear map to the Banach A-bimodule V. If B
is a C*-subalgebra of A we say that ¢ is B-multimodular if for any b € B the
following hold.

1. b(b(@l, Ce ,Cln) = (b(bal, Ce ,an),

2. ¢(a,...,aj1b,a;,...,a,) = P(ay,...,a;_1,ba;,...,a,) and

3. ¢(a,...,axb) = d(ay,...,a,)b

If B is a C*-subalgebra of A we use the notation .Z"(A,V : B) to indicate
that the maps are B-multimodular where we may use either subscript,“c”
or “w”. As before we may construct the Hochschild cohomology of B-
multimodular maps which we denote by H"(A,V : B) where either subscript
¢ or w may be attached. Additionally, if we are considering A as a module

over itself we simply write H"(A : B).

4.3 Sinclair and Smith’s ‘Reduction of Cocycles’

In this subsection we introduce a method to modify a cocycle, say ¢ &
ZM"A,V), by a coboundary to obtain an operator in .£"(A,V : B) where
A C B(H) is a C*algebra, B is a C*-subalgebra of A, and V is a dual
normal #(H)-bimodule.

On several occasions, due to the boundary operator and the averaging
operator (which we introduce below), we will have to track the entries of the

original input vector and the current coordinate position that the entry is
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now in after applying one of the aforementioned operators. To accomplish
this we will adopt the notation ¢(.. ., (a;)k, ...) where “5” was the position of

the entry in the original input vector and “k” is the entry’s current position
in ¢.
Lemma 4.3.1 ([19] Lemma 3.2.1). Let B be a unital subalgebra of a unital
C*-algebra A. Let V be a Banach A-bimodule, and let ¢ € L™(A,V) with
0¢p = 0.

Then for allb € B and x4, ...,x, € A we have:

(i) ¢(b,xa,...,x,) =0 if and only if
o(1,x9,...,2,) =0 and ¢(bxy, o, ..., x,) = bP(x1, ..., Ty).

(i) Fix k <n. Then for all j € {2,... k},

é(x1, .., -1, 0,541, ..., x,) = 0 if and only if

oz, ..., xjm1, Lzjeg, ..., 2,) =0 and

Az, ..., xjab,xy, . xn) = O(xr, .., T, b, X))
(111) Additionally,

o(x1, ... x1,0) =0 if and only if

o1, xn1,1) =0 and ¢(xy,...,x,0) = ¢(x1,...,2,)b

Proof. (i) Note that the reverse direction is immediate. Now suppose that

(b, za,...,x,) = 0. Since ¢ is a cocycle we have that

0=00¢(b,x1,...,2,) =bp(x1,...,2,) — ¢(bxy1,...,2,)

n—1

+ Z(—].)H_lgb(b, L1ye ooy LiTig1y - - ,ZL’n) + <—1)n+1¢(b, L1y ,xn_l)mn

=1

By supposition the last line is zero. Thus, bp(x1, ..., x,) = ¢(bx, ..., x,).
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(ii) Note that the reverse direction is immediate. Now suppose that

o(x1,. .., Tj-1,0,%541, ..., x,) = 0 whenever 1 < j < k. Observe that

0= a¢<($1)1’ o (o)1, (0)5, (@) 41, - - ($n)n+1>

= $1¢<(I2)17 oo (@gm1) -2 (D)1, (@), - - (xn)n>

+ . (—1)i¢<(x1)1, v (@imiga)is o (1) 22, (0)51, (@5)5, -+ 0 (xn)">
—+ (—l)j_1¢<$1,...,$j_1b, xj,...,xn) (13>
+ (=1 (1, o, by, ) (14)

+ i(—l)”ld)((xl)l, oy (@g-1)j-1, (0), () 1y - (Baig1 )ig, -y (”Cn)n)

+(—1)n+1¢(($1)1, o (@) (B), () s e (a;n,l)n>xn.

By supposition (13) and (14) are the only nonzero lines and are of oppo-

site sign. Hence, ¢(x1, ..., 210, 2, ..., x,) = ¢(x1, ..., 2j_1,bxj, ..., Ty).
(iii) The reverse direction is immediate. Suppose that ¢(x1,...,z,_1,b) = 0.
Then

0=0¢(x1,...,2,,b)

1
= $1¢($27 R b) + (-1)%25(.1’1, D VR A I ,b)
1

+(=1)"p(z1, ..., z20) + (=1)" L p(zy, ..., 2,)b.

Note that the last line is the only nonzero line and its terms are of

opposite sign. Thus, ¢(x1,...,2,b) = ¢(z1,...,x,)d. ]
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Lemma 4.3.2 ([19] Lemma 3.2.4). Let B be the C*-algebra spanned by an
amenable group U of unitaries in a unital C*-subalgebra A, and let W be a

dual Banach A-bimodule. There is a continuous linear map
K, : LMAW) — LY AW) (depending on U)

such that if o € LA, W) satisfies 0 = 0 then ¢p—I(K,¢) is B-multimodular.
Moreover, we have that
n+2)"—1
[ K < %

We will prove this lemma inductively using three claims after defining the
map I,,.

The map K, is constructed recursively via

Ji o LHAW) = LHA, W) defined by

(J1d)(a1,. .., an1) = /uu*(b(u,al, ) d (), (15)

Gr: LMAW) = L7 HAW) defined by
(Gro)(an, ... an1) = /ugzﬁ(al, ARV U, gty - Gney) dp(w),  (16)
Jes1 1 LHAW) = LY A W) defined by Jiyy = Ju+-(—1)FGR(I—0Jy),
and K, = J,. (17)

For the first claim we will show that ||./;]] = 1 and for a cocycle ¢ €
ZMA,V) the map (¢ — d1¢)(a1,...,a,) = 0 if ay € B. This will be our
base case.

In the next claim we assume our map has been constructed so that
(¢ — 0Jkp)(ar,...,a,) =0if a; € B, j €{1,...,k} and that

(n+2)k—1.

Jil| <
el <
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Then we show that (¢ — 0Jx410)(ay, ..., a,) =0 if a; € B, for some
jed{l,....k}

Lastly, to complete the induction, we show that (¢ — 0Jyy10)(aq,...,a,) =0
if ap1 € B and that

(n + 2)k+1 —1

J <1 2) | k]| <
estll < 14 (4 2) el < 22—

This will complete the proof of the lemma since, by Lemma 4.3.1, if k = n
then (¢ — 0K, ¢) is B-multimodular.

Claim 4.3.3. Let B be a C*-subalgebra spanned by an amenable group U of
unitaries in a unital C*-algebra A, and let W be a dual Banach A-bimodule.
Then the map Jy is continuous with ||J1|| < 1. Additionally, if 0¢p = 0 we
have that (¢ — 0J1¢)(ay, ..., a,) = 0 whenever a; € B.

Proof. Note that the map J; is linear since our averaging operator is. More-

over, since our averaging operator is contractive we have

| Ji¢(ar, .., an-1)|| =

/ wo(u,ar, ... a,1)dp(u)
G

< sup [|p(u, ay, - .., an—1)|| < [[@] [Jaa]] - - [[an—1]| -
ueU

Thus, J; is bounded with ||J;|| < 1 and so is continuous. Next, observe that
0o(u,aq, ..., a,)

= (ugb(al, coyay) — ¢(uay, ... >an))

n—1

+ Z(—l)j+1¢(u, A1y ..y QiAo an) + (1) d(u,ar, ... a,_1)a, =0

J=1

since ¢ is a cocycle. Next,

aup(u, ag, ... a,) — <u*gb(ua1, o an) — olay, ... ,an)> (18)
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= aqu od(u,as, ..., a,) — (u*qb(ual, o an) — olay, ... 7an))
—u 0(u, aq,. .., a,)

= aqu d(u,az, ..., a,) — <u*¢(ua1, o =(aq, ... ,an)>
+(u*¢(ua1,... ) al,...,an)>
n—1
+ Z(—l)Ju*(b(u, A1yeeey QjAj41, - -, Q)
j=1

+(=D)"up(u,ay,...,an_1)ay,.

Then, by the invariance of the averaging operator, if a; € U we have
olay, ... a,)
= ¢(a1, s 7a7l)+a1 / U*QZS(U’ az, ..., CLn) d:u(u)_al /(UCL1>*¢((U(II), az, . .. 7a’n> d/L(U)
u u

/qﬁ Ay, ..., Q) + e u*d(u, ag, ... a,) — u p(uay, as, ..., a,)dp(u).

Note that the integrand in the previous line is of the form of line (18) so

we may write

olay, ... a,)
n—1
= / aup(u, ag, ..., an) + Z(—l)fu*gb(u, i, ..o QG415 .-, Gp)
u :
7j=1

+(=1)"u p(u, a1, ..., an_1)a, d p(u)
—CL1J1¢ ag,...,a +Z JIQS ala"'aa'ja'j-‘rlv"'?a’n)
"‘(—1)”(]1925(@1, e 7an_1)(ln

= oJip(ay, ..., a,).
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Then, extending by linearity, we have that (¢ — dJ1¢)(a4, ..., a,) = 0 when-
ever a; € B. O

Claim 4.3.4. Let B be the C*-algebra spanned by an amenable group U
of unitaries in a unital C*-subalgebra A, and let W be a dual Banach A-
bimodule. Additionally, suppose that Jy, has been constructed such that

(¢ — 0Jxo)(ar,...,a,) =0 ifa; € B, for some j € {1,...,k}.

Then, Jgi1 is continuous and (¢ — 0Jyp10)(a,...,a,) = 0 if a; € B, for
some j € {1,...,k}.

Proof. First, note that for all 1 < k < n,

1Gkb(ar, . ., an_1)l| = ‘

/ olay, ..., apu”, Uy agst, ... ap_1) d p(u)
u

< SuE ||¢(a1’ s 7aku*v Uy Qpt1, - - - 7an—1)|l < ||¢|| ||CL1|| T Han—lH
(S

so that, Gy, is bounded with |G| < 1 and so is continuous. Thus, by the
construction of Ji 1, our map is continuous.
Recall that Jy. 1 = Ji, + (—1)*Gi(I — 8J}). By inductive hypothesis,

Gr(p — 0Jxd)(aq,...,an_1) =0 if any one of ay,...,ar € B

since we are averaging over a zero map. Thus, if a; € B, for some i €
{2,...,k}, then
8Gk(¢ — 8Jk¢)(a1, ce ,an)
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— ,Gi(d — 0Jx0) ((@)1, (@i, (an)n_1>

+ 3 (~1YG(¢ — 0Ji) ((al)l, @) ()i, (an)n_1>

+ (=D 'Gr(¢ — 0Jx0) <(a1)1, oo (@i1a)iogy . (an)n_1> (19)

+ (—1)'Gi(¢ — 0Ji0) <(a1)1, oo (@), - (an)nﬂ) (20)

+ 3 GO = 0419) (@)1, (@i (@jage0)so - (@n)nn)

j=i+1
+(—1)n+1Gk<¢ - 8Jk¢>(a1, ey gy .. ,an,l)an.

Note that every term in the above sum is zero except for (19) and (20) since
a; € B is in the ith or (i — 1)th coordinate. Hence,

8Gk(¢ — 8Jkgb)(a1, . ,an)
= <_1)i71Gk(¢ - aqus) ((al)l, ce (aiflai)ifla cey (an)n71>
+(_1)in(¢ — 0Ji9) ((al)l’ oo (@iaign)iy -y (an)n—1>-

Next, recall that ¢ is a cocycle, so that
(¢ — 0Jxp) = 0 — P Jpp =0

since 92 is a zero map. Moreover, by inductive hypothesis (¢ — Jx¢)(ay, ..., a,) =0
since a; € U, and 7 < k. Thus, by Lemma 4.3.1, for all u € U we have

(¢ - 8Jk¢) <(CL1)1, SR (ai—lai)i—la s ,Clku*, Uy eny (an)n>

= (¢ — 0Jx0) ((al)l, co (@) e aput (an)n>
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and so, using the linearity of the averaging operator, we have that
8Gk(¢ - 8Jk¢)(a1, c. ,an) =0

whenever a; € B, for some ¢ € {2,...,k}. Furthermore, a similar calculation
shows that if a; € B we have that

aGk(¢ - a‘]k(b)(&l? s 7an) = 0.

Then, since
(6= 0Jeard)an,. - a0) = (6= O(Jud+ (—1)Ga(6 — 049)) ) (@, an)

= (¢ — 0Jxd)(ar, ..., a,) — (=1)*0GL(¢d — 0Jxd)(ay, ..., ap), (21)

we have that

(¢ — 0Jpr10)(ay,...,a,) =0

whenever a; € B, for some ¢ € {1,...,k}. m

Claim 4.3.5. Let B be the C*-algebra spanned by an amenable group U
of unitaries in a unital C*-subalgebra A, and let W be a dual Banach A-
bimodule. Additionally, suppose that Ji. has been constructed such that (¢ —
0Jyp)(ar,...,a,) =0 if a; € B, for some j € {1,...,k} and that

(n—i—?)k—l'

Jil| <
el < 2

Then, (¢ — OJys10)(aq, ..., a,) =0 if apy1 € B. Moreover,

(n+2)k1 —1

J) <1 2) ||kl <
Il < 14+ 2) ]l < ==~

48



Proof. First, note that for all u € U we have
0=0(¢ — 0Jr0) <CL1, oo (@Rt )k (W) kg1s (Qkg1)kg2s - - (an)n+1>

— a1(¢ — Do) ((ag)l, o (@, (W, - ,an> (22)

Ed

-1

n (—1)j(¢—aJk¢)(a1,...,<ajaj+1)j,...,(aku*)k,l,(u)k,...,an) (23)

1

.
Il

+(=1)*(op — 0Jxo)(ay, ..., ay, ..., a)

+(_1)k+1(¢ - 8‘]]€¢)(a1’ SR 7akU*7 UAk+1, - - - ,CLn)

+ i (1) (¢—0Jro) ((Ch)h oo (aRu ) (Wt - (@5@540) 415 - 7an)

j=k+1
(1) (b — OJuod) <(a1)1, (@ (Wit - - (an_l)n>an.

By inductive hypothesis lines (22) and (23) are zero. Thus, rearranging we

have
(—1)k(¢ - 8Jk<b)(a1, vy Ay e ,an)
+(—1)k+1(¢ — 0Jxd)(ar, ..., apu*, uGs, .. ., ay)
n—1
= 3 1 (0-0hd) (@), o (@t Dy (@i (@5550)5505- - (@n)a)
j=k+1

4 (—1)"(6 — 8Jro) (<a1>1, e (@) (Wists - - (an,l)n)an. (24)

Next, to show that
(¢ — 0Jgr10)(ay,...,a,) =0 when ag, € B
it suffices to show when a1 € U then extending by linearity. Observe that,
0GL(p — 0Jd)(ay, ..., ay)
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i
L

= (—1)ij(¢—8Jkgb)(a1,...,ajaj+1,...,an)

<
Il
ol

+(_1)nGk(¢ - aJka)(Ch, s >an—1)an

since the boundary operator shifts az,1 € U into the k’th coordinate for

J < k. Then, using the linearity of our averaging operator, we may write.

8Gk(¢ — 8Jk¢)(a1, ce ,an)

— /(—1)k(¢ — 0Jx®) (al, oo (g u®) g, (W) gat, Qo - - - ,an>
u

n—1

> (1Y (6-00) (a1, (@Yo, (Wi (@ns)iszs o (@50501)500, )

j=k+1

+(—=1)"(¢p — OJxd)(ay, ..., apu* Uy ... ap_1)a, dp(u).

Then, using equation (24), we have

8Gk(¢ - 8Jk¢)(a1, . ,an)

:/(—1)k(¢—5jk¢) <a17---a(akak+1U*)ka(u)k+1>ak+2>---aan> d p(w)
u
(25)
+(_1)k(¢ — a*]k¢)<a17 ey Qe >an)

+/u(—1)k+1(¢—3:]k¢) <@17---a(aku*)m(U@k+1)k+1>”"a"> dpu(u).

Hence, making the “change of variables” v* = apu* in line (25) we see that
OGr(d — 0Jxd) (a1, ..., an) = (=1)*(¢ — OJxo)(ay, ..., ay, ..., a,)
and so using equation (21)

(¢ — OJk10)(aq, ..., a,) =0 whenever apyq € B.
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Lastly, using (21) again,

(n+2)kt -1

O]
n+1

[ el <1+ (n+2) ]l <

Remark 4.3.6. If our averaging operator, i.e. the “integral” over the unitary
group U, converges in the weak™® topology of the dual normal A-bimodule
W to an element in the subdual V of W for all ¢ € Z"(A,V) then we may

replace W with )V everywhere in the above proof.

Lemma 4.3.7 ([19] Lemma 3.2.6). Let A be a unital C*-algebra and letV be
a dual A-bimodule. Suppose that B is a C*-subalgebra of A generated by an
amenable group U of unitaries. Then there is a continuous surjective linear
projection Qn, : ZLIMAYV) = ZLMAV 1 B) such that 0Q,—1 = Q,0 and
1@nll = 1.
Proof. First we define maps R; : £ (A, V) — Z(A,V) by

(i) (Rod)(a1,...,a,) = fu w*o(uay, ag, . .., a,)dp(u),

(11) (Rk(b)(alu s 7an) = fz,{ ¢(CL1, s 7akU*7 UAg41,y - - - 7a’n> dILL(U)
where 1 < k < n, and

(iil) (Rn@)(a1,...,an) = [, d(a1, ..., aqu*)udp(u).

Since the averaging operator is contractive we see that each R; is continuous
with norm less than 1. Next, using the invariance of the averaging operator,
for v € U we have that

(Ri@)(ar,...,ax0, agy1, ..., a0p)
= / olay, ..., apou", uagsy, an) d p(u) = / ola, ..., apw™, Woag1, a,) d p(w)
u u

= (Rid) (a1, ..., Qk, Vagi1, -, ap)

where we have made the ‘change of variables” vu* = w*. Then, extending by

linearity, we see that Rj¢ has the B-modularity property across the kth and
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k+1 positions. Likewise, a similar calculation shows that Rg¢ and R, ¢ have
the B-modularity property across the Oth and the first positions and the nth
and the n + 1 positions respectively. Next, define

Qn:RnoRn—lo"'oRO-

Note that an elementary induction shows that Q),¢ is B-multimodular.
To show that @, is a projection suppose that ¢ € Z7(A,V : B). Then,

Rio(ay, ... a,)

= / dlay, ..., apu" uagsy, ..., a,)dp(u)
u

=o¢(ay,...,an).

by the multimodularity of ¢ and since the averaging operator acts as the
identity on constant functions. Thus, since each Ry acts as the identity on
multimodular maps, @),, acts as the identity on multimodular maps also.

Lastly we show that ),0 = 0Q,,_1 by inducting on k for (Ryo-- -0 Ry)0d¢.
Observe that

Rodd(ay, ..., ans1) = / g (00) (uoar, - - - s ant1) d (o)
Up
= CL1¢(CL2, cee 7&n+1)

+ Z(—l)j / ugp(uoas, . .., ajaj41, ..., anp1) d p(ug)
=1 to

(e / Ui (oan, - . an) d p(tte)tnsn.
Up

Next, letting Ry act on both sides we have

Rl ' R08¢(a17 s 7an+1) = / (Roaﬁb)(alui Uuyag, . - - 7an+1) dlu(ul)
U
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= / up(urag, . .. apt1) d p(ur) — / ugP(Uoa1az, - - -, any1 d pi(uo)
Z/{1 Z/{0
+ Z(—l)j /u /u ugP(uparuy, uras, . .., ajAj41, - . Ape1) d pu(ug) d pe(ug)
j=2 1 0

+(=1)mH / / up(Uoaruy, uras, - - ., ap) d puo) d pu(ur)an1
Uy JUp
so that

(Rl o R0)8¢(a17 R aan-i-l)

= al(Rogb)(ag, ce ,an+1) — (R0¢)(a1a2, e ,an+1)

n

+ (—1)3(R1 oRO)gb(al,...,ajaj+1,...,an+1)
j=2

+(_1)n+1(R1 © R0)¢(a17 ceey an)an+1

Before we proceed to the inductive step note that,

Rj : (Rjgb)(al, ce ,an) :/M (Rjgb)(al, e ,ajui,ulajﬂ, PN ,an)d,u(ul)

= / / ¢(a17"'7aju>{u;7u2ulaj+l>'"7&n)du(u1>dﬂ(u2)‘
Uy JU2

So by the invariance of the averaging operator we have

Rj : (qub)(al, Ce ,(ln) = Rj¢(a1, oo ,CLn>. (26)
Now suppose that we have carried out this process to the kth step. That
is,

(Rk ©--+0 R0)8¢(a17 s 7an+1)
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= a1(Rg-1 00 Ro)p(ag, ..., ant1)

k—1
+ 3 (=1)(Rpr0-+-0 Ro)p(an, ..., aja41, .., ani1)
j=1
+ Z<_1)J(Rk Oo-:+-0 R0)¢(a1, . ,ajajH, . ,an+1)
j=k

—|—(—1)”+1(Rk o---0Ry)p(ar,...,an)0n11-

Then, if we let Ry,q act on both sides, we have
Rk—}—l . (Rk O-++0 R0)8¢(a1, Ce ,an+1)
= /(Rk o---0Ry)OP(ar, ..., 00", Udkya, ..., Any1) d p(u)
u

=a /(Rkl 0---0 R0)¢(a27 ooy (@ v, (Uagg2) kg1, - - - 7an+1> d pu(u)
u

k—1

+ Z(—l)j ‘[I(Rk_l 0O---0 R0)¢(a1, e ,ajaj+1, Ceey (ak+1u*)k, (uak+2)k+1, e ,an_H) d/L(U)
j=1

+(=1) /M(sz 0---0 Ro)ﬁb(al, ooy (apapga ), (Uagg)krs - - - 7an+1> d pu(u)

+ zn: (—1)1/

(Rpo---o R0)¢<a1, e O U Uy 2,y oy QOG- -y anH) d p(u)
: u
j=k+1

_|_(_1>n+1 /(Rk ©---0 R0)¢<a17 B 7ak+IU*7 UGky2, - - - 7an> dlu’(u)an—i-l'
u

Then using line (26) we arrive at

(Rgp10---0Ro)0g(ar, ..., an41)
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- al(Rk ©---0 R0>¢(a27 ce 7an+1)
k
+ > (=1)(Rgo---0Ry)p(ar, ..., a5a541, ..., ans1)

j=1

n

+ Z (—1>j(Rk+1 O---0 R0)¢(a1, Ce ,G,jaj+1, Ce ,an+1)

j=k+1
(1) (Rgr 00 Ro)d(ar, ..., an)an1.

Finally, by setting & = n—1 and applying R,, once more, using line (26) once

more we arrive at Q,0 = 0Q,,_1. O

We conclude this section with a theorem that will be useful in the next

section.

Theorem 4.3.8 ([19] Theorem 3.2.7). Let B be the C*-algebra generated by
an amenable group U of unitaries in a unital C*-algebra A, and let V be a
dual A-bimodule. Then

HYNAV)= HNAV : B)
for all n € N with isomorphism induced by the natural embedding
LAYV B) = ZLI(AV).

Proof. Clearly, the natural embedding .Z"*(A,V : B) — £*(A,V) induces
a homomorphism H(A,V : B) — H!(A,V). By Lemma 4.3.2 this map is
surjective. Furthermore, if ¢ € Z(A,V : B) and ¢ € Z(A, V) is such that
¢ = 0, then with @,, as in Lemma 4.3.7,

¢ = Qnd = Q.00 = 0Q, 11 where Q,_ 11 € L A,V :B)
and so our map is injective. 0
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5 A Relation Between Cohomologies

The goal of this section is to prove the following theorem.

Theorem 5.0.1. If the natural map H](C! (X)) — HI(C} (X)) is surjective
then
H!NC, (X)) = 0.

Note that, by [9] Lemma 3, all bounded derivations are weakly contin-
uous. Thus, the natural map H]} (C (X)) — H(C: (X)) is automatically

surjective.

5.1 A Corollary of Braga and Farah’s Lemma,

Multilinear Version

Definition 5.1.1 (separately symmetrically summable). For a finite se-

quence of countable index sets {In}nN:1 , N < o0, a uniformly bounded fam-

-----

summable if the following condition holds.
For any (1 < k < N), and for each fixed

N
{AW, L AED A A e T D™

n=1

n#k

the sum

..........
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Additionally,
N
for all {AV,... XM} e [[D™,  apo,. sy € Cp(X)
n=1

is a uniformly bounded family of operators.
Moreover, if (a(i1,~~:izv+1)>(€el‘[ﬁjf 1y 18 (N + 1) separately symmetrically
summable, then for any fixed n € D/N+1, (a(i17-~-7iw,7l))(iel‘[ﬁ:1 L) is N separately

symmetrically summable.

Corollary 5.1.2 (Corollary to Theorem 3.3.2). Suppose that

(@i ocin) Gerp_, 1) € Cu (X)

1s N separately symmetrically summable. Then for any € > 0 there exists an
r > 0 such that for all A\, ..., AXN)) e T[Y_, D™, the operator AW, )

1S e-r-approximated.

To prove this corollary we induct on N. However, we will need a definition

and a few lemmas first. Note that the base case is handled by Theorem 3.3.2.

Definition 5.1.3. Suppose that (a(,,...ix))gerpy_, 1,) € Cu (X) is N sepa-
rately symmetrically summable. Let A = (A ... A(N=1) Then for n € D/~

we let
a>\:7] = z nlN a/)\alN

iNEIN

Then for e, > 0 define

n=1

N-1
Uey = {77 e Div | ay,y is e-r-approximated for all A € H }D)I"} )

Remark 5.1.4. On the first read it may provide intuition to just consider the

N = 2 case since the proof of the inductive step is only notationally different.
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Suppose that ¢ > 0 is given. If we are considering the N = 2 case,
and {a;;},c ., is 2 separately symmetrically summable. Then, for each
fixed n € D7, {ain}.c;

write D’ as the union in line 27.

symmetrically summable so by Theorem 3.3.2 we may

For the inductive step, if (a(ilv--viN))(?EHleln) is N separately symmetri-
is (N —1) separately symmetrically summable. Thus, by inductive hypothesis

we may write DV as the union

D = J U, (27)
r=1

As in the original proof we will first show that the sets in Definition 5.1.3
Then we will show that if (a,,..iy)) el 1) does not satisfy the conclusion
of Theorem 5.1.2, there is € > 0 such that for all » > 0, U, . is nowhere dense
in D'¥. As we have the union in line (27), this contradicts the Baire category

theorem and we will be done.

Lemma 5.1.5. Suppose that (G(ihm’iN))({eHN_l In) 15 separately symmetrically
summable. Let X = (AY ... AXN=D) Then for any e, > 0 the set U, of

Definition 5.1.3 is closed.

Proof. Assume for contradiction that for some e, > 0, U,, is not closed.
Then there exists some 1 € E\ Uer. Asn & U.,, there exists a A €
Hff;ll D’» such that ay,, cannot be e-r-approximated. Fix this A\. With this
A fixed the remainder of the argument proceeds precisely as in Lemma 3.3.6.
However, out of an abundance of care, we complete the argument.

Using (the contrapositive of) Lemma 3.3.4, part (i), there exists a finite
rank projection p € £>°(X) such that pa, ,p cannot be e-r-approximated.

Now, for any p € D~ the sum ZieIN piay; defining ay , is weakly con-

vergent. As p is finite rank, this implies that the sum DGy ;P 1S norm

i€ln
convergent (cf. 2.3.2). Hence using Lemma 3.3.5, for any § > 0 there exists
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a finite subset F' of Iy such that

Z PLiGy P

i€IN\F

<46 (28)

for all 4 € D'V (and in particular for u = 7).
As F' is finite, the set

{,u c D~ ‘ | F| max llaxilllpe: — mi| < 0 for all i € F} (29)

is an open neighborhood of 7 for the product topology. As 7 is in the closure

of Ue,, the set in line (29) thus contains some 6 € U, ,. Hence in particular

payep is e-r-approximated, so there is b € C7 [X] such that ||payep — b|| < e.
Note that

lpaxnp — bl < [[paxep — bl| + |[payp — paxep||

Z eipa)\,ip

i€IN\F

< ||pargop — || + + +

Z(Th — 0:)pax:p

ieF

Z 1ipax,ip

i€IN\F

The first term on the bottom line is bounded above by € by choice of b, the
second is bounded above by § using that # is in the set in line (29), and the
third and fourth terms are bounded above by d using the estimate in line
(28) (which is valid for all elements 1 of DV).

Now, we have shown that for arbitrary ¢ > 0, we have found b € C][X]
such that ||pay,p — b|| < e+ 36. Using Lemma 3.3.4, part (ii), this implies
that pay,p can be e-r-approximated. This contradicts our assumption in the

first paragraph, so we are done. O
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Lemma 5.1.6. Suppose that (a(ih..-,iw))(ien oy € O (X) is separately
symmetrically summable. Let X = (MY, ... . AXN=Y) Then, for all ¢ > 0,
for any 6 € DN, and any finite F C Iy there exists an v > 0 such that the

sum y ;. p0iax; is e-r-approvimated.

Proof. Let F be a finite subset of Iy and € > 0 be given. By supposition, for

each i, we may write
ax; = by; + ca; where by; € C7 [X] and ||ea,|| < \Fl

Let 7 = max;ep {r;} and note that ) . . 0;by; € C}, [X] for all \. Addition-
ally,

> e

i€l

<> 103 [len

el

Hence, ), 0;ax; is e-r-approximated for all X € Hi:[:_ll Dn, n

Lemma 5.1.7. Suppose that (a(ilw--,iN))(%eHﬁ:l 1) i a separately symmetri-
cally summable collection of operators in C¥(X) that does not satisfy the
conclusion of Lemma 5.1.2. Additionally, let X = (XD ... ANV Then
there is an € > 0 so that for all v > 0 and all finite subsets F' C Iy there

exists n € DN such that ZieIN\F niax; cannot be e-r-approzimated.

Proof. Let (a,,. 7iN))(561_[ ) be as in the statement. Then there exists
d > 0 such that for all r > O there exists (\,7) € [[\—, D™ x D'V such
that ay, is not d-r-approximable. Fix this A\. Assume for contradiction that
the conclusion of the lemma fails. Then there exists s > 0 and a finite
subset F' of Iy such that for all £ € D'¥ we have that ZiGIN\F &iay,; is 0/2-
s-approximated. As F' is finite, by Lemma 5.1.6 there is a ¢ > 0 such that

every element of

{ D Gari | €€ D’N}
iEF
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can be §/2-t-approximated. Now, for arbitrary £ € DIV,

Are = Z&'a,\,i + Z §itxi;

el ZEIN\F

as the first term above can be d/2-s-approximated, and as the second can be
d/2-t-approximated, this implies that ay ¢ can be é-max{s, t}-approximated.
As & was arbitrary, this contradicts the first sentence in the proof, and we

are done. O

As stated at the end of Remark 5.1.4, the following lemma completes the
proof of Corollary 5.1.2.

Lemma 5.1.8. Suppose that (a(i17---,izv)>(€en§:1 1) S a separately symmetri-
cally summable collection of operators in C}(X) that does not satisfy the
conclusion of Lemma 5.1.2. Let X = (A\V, ..., XN=D). Then there is ¢ > 0
such that for each r > 0 the set U., of Definition 5.1.5 is nowhere dense in

D~

Proof. Let (a(ilw--aiN))(?EHg:lIn) be as in the statement. Then there exists

d > 0 such that for all 7 > 0 there exists (\,n) € <Hi\:11 ]D)I"> x DIV such
that ay, is not é-r-approximable. Fix this A. Let € > 0 have the property
from Lemma 5.1.7. We claim that € := €//2 has the property required for this
lemma. Assume for contradiction that for some r > 0, U, is not nowhere
dense. Lemma 5.1.5 implies that U, is closed, and so it contains a point £ in
its interior. Then by definition of the product topology there exists a finite
set FF C Ix and ¢ > 0 such that the set

Vi={vc Dy | & — vi| < 0 for all i € F'} is contained in U, (30)

Note that the element ). . &ax; is in C;(X) by assumption, so can be
e-s-approximated for some s; let by € C;[X] be such that ||}, p&ar; —
brel < e. On the other hand, Lemma 5.1.7 gives us u € D'V so that
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> _ienF Mi@x,i cannot be e'-max{r, s}-approximated. We may further assume
that y; = 0 for i € F. Define § € D! by

ol igF

Then 6 is clearly in the set V' of line (30), and so ayg is e-r-approximated.
Let then by € CI[X] be such that [Jays — bxg|| < €. We then see that

lax, — (b = bae)ll < llax, — axg + baell + llaxe — baell

bx,g - Zfz‘&,\,i

el

< + [laxo — broll

The terms on the bottom row are each less than e by choice of by ¢ and b, g,
and so [|ax, — (bre — bag)]| < 2e = €. As by ¢ + by has propagation at most
max{r, s}, this contradicts the assumption that a, , cannot be ¢-max{r, s}-

approximated, so we are done. O

5.2 Proof of Theorem 5.0.1

For notational convenience throughout we let: A = C* (X), 8 = B((*(X)),
and ¢ = (>°(X). Recall that Theorem 5.0.1 states that if there is a surjection
H!'(A) — H!(A) then H(A: () = H!(A). As a first step towards this goal
we show that H'(A, % : () = H(A : {) in the following lemma.

Lemma 5.2.1. Let ¢ € L"(A, B : (). Then ¢ takes image in the uniform
Roe algebra; that is, L™ (A, B : L) = L"(A:1).

Proof. Let ¢ € L™"(A, B : {), (x1,...,2,) € A", and 0 < € < 1 be given.
Set M = max {||x;||} + 1 and note that since each x; € A we may write each

T; as

€
z; = a; +b; where a; € C' [X] and |[|b] < min{—, e}.
n el M"
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Moreover, we have that ||a;|| < M. Next, since ¢ is multilinear we may write
¢($17 cee 7xn) = ¢(a17 s 7a‘n)+¢(a17 vy Qp—1, bn)—i_(b(ah ey Ap_2, bnflwrn)—i_

"'+¢(a17b27$3a"'7$n)+¢(b17x2a"'7$n)

Observe that every term but the first in this expansion has a b; in a single
coordinate and either a;’s or z;’s in the remaining coordinates. Thus, the

norm for each of the terms with a by in the kth coordinate is bounded by

ol (H M) el < =
i=1

Hence, it is enough to show that ¢(ay,. .., a,) € CI'" [X] where r = max {r;}.
To show this let p, be the projection onto the span of the Dirac mass at
x, and let B,(r) denote the closed ball of radius r centered at x. We then

define
PB.(r) ‘= Z Pk-

k€Bz (1)

Note that, the sum defining pp, () is finite for any given r € N since X has
bounded geometry. Next, for any fixed x € X,

Pall = Pel1PB,(r) ANA DB, ((i—1)r)Gi = PBy((i—1)-r) &P By (i-r) (31)

since each a; has propagation less than r. Next, fix x,y € X such that

d(z,y) > n-r and observe that
pap(ar, ..., an)Dy = ¢(prar, ..., anpy)

- Qs(pzalsz(r), o 7anpy) = gb(pwalme(r)asz(r)a% SR 7anpy)

where on the left hand we have used line (31) and on the right hand side we
use that ¢ is £°°(X)-multimodular.
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Continuing this process n — 1 times we arrive at

px¢(a1a s 7an)py

= G(Pa1DB,(r)s - - - s PBa((i—1)r) GiP By (ir) - - - » PBu((n—1)-r)OnPy)-

Observe that for any k € B,((n —1) - 7),
d(k,y) > d(z,y) —d(z,k) > d(z,y) —(n—1)-r>n-r—(n—-1)-r=r,
and so

DB, ((n—1)+)anPy = 0 since a, € C [X].

Thus,
p:cgb(al, B :an)py =0

and since x,y € X were an arbitrary pair satisfying d(z,y) > n - r, we have
that ¢(ay,...,a,) € CI'" [X] as was to be shown. O

Remark 5.2.2. We now have most of the ingredients for the proof of the main

theorem of this section. By Lemma 5.2.1 and Theorem 4.3.8 we know that
HYA:0)=HYA % :0)=HA AB).

In Sinclair and Smith [19] Theorem 3.3.1 they show that H(A, #) = H!(A),
which we also show in the sequel, Remark 6.3.6. Hence, by Theorem 1.0.2
H(A :¢) =0. Thus, we need only show that the homomorphism

H!(A: () — H!(A) induced by the inclusion .Z"*(A : () — £ (A)

is a surjection. By Lemma 4.3.2, averaging over the unitary group of ¢>(X),
we know that for a cocycle ¢ € Z(A), (¢ — 0K,¢) € ZL'(A : (). Thus,
to show that HX(A : ) — H!(A) is a surjection it suffices to show that
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K,¢ € £ 1(A) so that 0K, ¢ is a coboundary in .Z"(A), for then
HI(A:0) 2 [¢— 0K,¢] = [¢] in H!(A).

Furthermore, since H'(A) — H?(A) is a surjection by the hypothesis of
Theorem 5.0.1, we may assume that ¢ € Z"(A).

Before we set the notation to give a proof that if H?(A) — H»(A) is a
surjection then H"(A) = 0 for a general n we first show that if H2(A) —
H?(A) is a surjection then H?(A) = 0 since this low dimensional case is easier

to follow but uses the same techniques as the higher dimensional cases.
Example 5.2.3. Let ¢ € Z2(A). Then Kyp € L A).

Proof. By the definition of K, we have that
Ky =J, — Gy + G0, (32)
Since the other terms in this sum are handled similarly we only show that
G10J1¢ € L2(A).
Observe that for a € A

G10J1¢(a) = /L{((?Jl(b)(av,v*)du(v)

=/uav*(J1¢)(v)+(J1¢)(av*v)+(<fl¢)(av*)v dp(v)

/av /Muaﬁ(uv)du() /u¢(ua)du() /u¢(uav)vdu()dﬂ()

//avugﬁuvduu)du //uqﬁuadu w)d p(v //u¢uav Jod p(u)dp(v)

Where U is the unitary group of £*°(X). Once more, since the other terms
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are handled similarly we only show that

/L{/L{u*aﬁ(U,av*)vdﬂ(u)du(v) e Z2A).

Next, let p, be the projection onto the span of the Dirac mass at x. Then, as
in the derivations case, for any element f in the unit ball of /°(X) we may

write f as the weakly convergent sum

zeX

Moreover, for any A € DX

Z Azp; converges weakly to an element in the closed unit ball of ¢*°(X).
rzeX

Thus, for any fixed n € DX corresponding to an element g, in the closed unit

ball (£*(X)); and A € D, we have that

Z Ax¢(pxa agn) W—OT> (b(f)\’ agn)~

zeX

Likewise,

D Abgns ape) = Bgn, afy),

zeX

and so ¢(p,, ap,) is 2 separately symmetrically summable. Hence, by Corol-
lary 5.1.2, given € > 0 there exists an r > 0 for all u,v in the unitary group

of £>°(X) such that
w*d(u, av*)v = a(u,v) + b(u, v)

where a(u,v) € CI[X] and ||b(u,v)|| < e. Recall that, by Lemma 3.2.8,
if ey, is the standard matrix unit, Tr(eya(u,v)) = a(u,v)y, = 0 when-

ever d(x,y) > r for all u,v in the unitary group of ¢*°(X). Thus, the lin-
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ear functional defining [, [,, a(u,v) d p(u)d p(v) sends ey, to zero whenever

d(z,y) > r and so,

/u/ua(u,v)du(u)dﬂ(v) eCr[X].

Moreover, since our averaging operator is contractive, so

\ [ [ s anant

/M/uu*cﬁ(u,aq;*)@du(u)du(v) e LNA). o

Before we embark on the proof that H'(A) = 0 if the map HJ(A) —

H(A) is a surjection for a general n we show some properties of the map

< €.

Thus,

K, arising from its construction and set some notation.

Lemma 5.2.4. K, is the sum of >_,_, 25~ terms (before applying the bound-
ary operator), where the first term is Jy, the next terms are the n-alternating

sum of the maps Gy, and the remaining terms for n > 2 are of the form
Gjﬁ c Gjl&fl or G]ﬁ c GanGjl fOT jl > ji—l > e > jl. (33)
Proof. Since K, is defined by K,, = J,, where Jy1 = Ji,+ (—1)*(G), — Gr0Jy)
we will induct on k. The case where k = 2 is handled by line (32).
Next, let Dk = (Gk - Gk8Jk>, then
Jpr1 = Jp + (—1)ka

= Jp_1+ (—l)k_le_l + (—1)ka

k
=Ji+ Y (-1YD;
j=1
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k

=J; —l—Z(—

i=1

1)G;0J;

_l’_
1
o

Note that, since 7 < k for all j in the last summation, by inductive hypothesis
our terms are of the form of line (33).
Lastly, using the recursive definition of Jx,; and letting |Jx41| be the

number of terms of Ji1,we have

k+1
|Jk+1]—|Jk\+|Gk|+]Gk6Jk|—Q\Jk\+1_2223 1+1—Z2ﬂ 1
7j=1 7j=1
as was to be shown. O

Lemma 5.2.5. Let ¢ € £"(A) and let (aq,...,a,), a; € A be given. Then
(Gha N Gjl&flgb)(al, e ,an_l) and (Gh@ e Gj28Gjl¢)(a1, ceey an_l)

are both finite sums of terms of the form
N N N
/ /H C1,6V1,k) P cQ,kvz,k, . -7HCn,kUn,k) ch+1,kUvL+l,k dp(uy,) ... dp(uy,)
u

k=1 k=1 k=1

where each cy i, 1s fixed as one of the a;’s or 1, and vy, € U the unitary group
of (>°(X). Additionally N < oo.

Proof. Consider
(G]ﬁ ce Gj18J1¢)(a1, c. ,an,l).

Observe that, after applying G, in the I’th coordinate we will have: a;, a;uj,,
or uj,. Note that we may write this coordinate as ¢;u; where ¢ is fixed as 1

or ; and v; = 1, uj,, or uj, . Also note that v; € Y. Thus we may write,

(Gﬁa c. Gj18J1¢)(a1, .. ,an,l)

= /(OGj“ ... 0G;,010)(crvy, . .., cpvy) dp(uy,). (34)
u
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Next, since our averaging operator is finitely additive and the boundary
operator introduces a finite number of terms, we may ‘bring in’ the averaging
operator to each term. Additionally, since the boundary operator just moves
one of the arguments to the coordinate to the left, in front of, or behind the
map, we may write (after reindexing) a typical term obtained from applying

the boundary map in line (34) as

/ COUO(Gj¢,18~ .- Gj1 3J1¢)(01U102U2, e 7C2nU2n02n+lv2n+1)62n+2v2n+2 dM(“ji)
u

where ¢, € {1,a1,...,a,_1} and vy € U (note that the ¢;’s will be fixed
differently for each term). Applying this process again it is not hard to see
that after applying G;,0G;_10 we will have a finite sum of terms of the form

4 4 4 4
/ / H(co,kvok)(Gﬁ_z ce 8J1¢) ( H C1kV1ky -+, H Cn,kvn,k) H Cnt1,kUn+1,k d.u(u]z) dﬂ(uji—1)‘
UJSU g k=1 k=1 k=1

Note that the application of the J; map does not change our technique and
eventually this process must end. Thus, the conclusion holds and we are
done. O

Definition 5.2.6. For each term obtained in the previous lemma the set of
{cir} is fixed for that term. We shall call this a fixing of ¢.

Lemma 5.2.7. Let (ay,...,a,), a; € A and ¢ € L(A) be given. Consider

N;
VbW, - Yn)nrrs Yi = | [ eifsy, where Ny < oo (35)

J=1

where fq jy is any element in ((*(X)),, and each c; = aj, or 1 is fived. Then
for all € > O there exists an r > 0 (depending on the fizing of ¢) such that

Yo (Y1, -+, Yn)Yns1 can be e-r-approximated.

Proof. Let p, € #(*(X)) be the rank one projection onto the span of the

Dirac mass at x. For any element f in the unit ball of £>°(X), we may write
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f as a strongly (and so weakly) convergent sum

f=> f@p.. (36)

zeX

Then, for an arbitrary 7,7 where 1 < ¢ < N and 0 < 7 < n+ 1 and
fery € (0°°(X))1 fixed whenever £, k # i, j, we have that

j—1
Z )\(j Yod (yb s (H Ckf(i,k)) CiPa, ( H cefa, k)) > Yn+1
fm1

z;€X k=j+1

weakly converges to

N;

y0¢(y17 SRR H Ckf(i,k)7 R 7yn)yn+1

k=1

Moreover, (35) is bounded above by ||¢[| [T,_; llax|| for all fier € (£>°(X));.
Hence, since the weak and ultraweak topologies coincide on norm bounded
sets and ¢ € Z"(A), we have that, for each fixing of ¢,

n+1

No
k=1

is separately symmetrically summable. Thus, by Corollary 5.1.2, for all
e > 0 there exists an r > 0 (depending on the fixing of ¢) such that
YoP (Y1, - - -, Yn)Yn+1 can be e-r-approximated. O

Lemma 5.2.8. K,¢ € Z"1(C! (X)) whenever ¢ € ZLM(Cr (X)), where K,

is constructed by averaging over the unitary group of £>°(X).
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Proof. Let € > 0 be given.
By Lemmas 5.1.6 and 5.2.7, K,¢(aq,...,a, 1) is the finite sum of finite

sums of terms of the form
[ [ wotn e duu) . du)
uji ujl

where each term is a different fixing of ¢ (in the sense of Definition 5.2.6).

Using Lemma 5.2.7 we may write each of these terms as

:/u/u a(@) + b(@) d pluy,) - - d puluz,) (37)

where each a(u) € CI [X] and ||b(u)| < ¢/M for a given M > 0 and
all w € Uj, x --- x U;,. Thus, taking M and R sufficiently large, since
K,¢(ay,...,a,_1) is the finite sum of terms as in line (37), K, ¢(aq, ..., a,_1)

is e- R-approximated. Since € was arbitrary, we are done. O

Proof of Theorem 5.0.1. By Remark 5.2.2, to show that H!(C} (X)) = 0
it suffices to show that K,¢ € £ 1(C (X)) whenever ¢ € Z7(Cs: (X)

)
which we have done in the previous lemma. O]
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6 Ultraweak-Weak* Continuous

Cohomology

In this section we discuss methods for relating norm continuous and ultraweak-
weak™ continuous cohomologies which will allow us to obtain the following
result. If the norm continuous Hochschild cohomology of a uniform Roe
algebra vanish in all dimensions then the ultraweak-weak® Hochschild coho-

mology of that uniform Roe algebra vanishes in all dimensions.

6.1 The Enveloping von Neumann Algebra

To accomplish the goals of this section we will have to use the “enveloping
von Neumann algebra”. To construct this algebra we begin by using the
GNS construction to build a representation of our C*-algebra A on a Hilbert
space {m,,H,} using a positive linear functional 7 € A* (cf. [13] Section
3.4). Next, let S(A) be the state space of A; that is, the space of all positive
linear functionals of norm 1. We then form the universal representation of

A, {m,H} by

= @ o H = H,
T€S(A) TES(A)

The enveloping von Neumann algebra is then obtained by taking the ultra-
weak closure m(A) of 7(A) in Z(H). Note that the weak closure of 7(A)
coincides with the ultraweak closure of w(.A). Moreover, on norm bounded
sets, the weak operator and ultraweak topologies coincide. Additionally, since

7(A) is a von Neumann algebra it has a unique predual 7(A), which we may

identify with the ultraweakly continuous linear functionals on 7 (.A).
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Lemma 6.1.1 ([20] II1.2.2, 111.2.4). Let A be a C*-algebra and {m,H.} be

the universal representation of A. Then there is a unique linear map T of

the double dual A™ onto (A) with the following properties:

(i) If v is the natural embedding from Definition 2.2.J then the diagram
7r

A (A)

N

A**
15 commutative.

(i1) 7 is o(A*, A*)-ultraweak continuous.

(i) 7™ maps the unit ball (A*); onto the unit ball (m(A));.

(iv) 7 is a o(A™, A*)-ultraweak homeomorphism.

Proof. Define the maps

m(A), - A* AT — (n(A),)*
Tx and T
f—fom gr> gom,

Also, given a € A, let a be the image of a under the inclusion map ¢. Next,

given a € A for all f € m(A), we have

(f,(@ou)(a)) = (f,7(a)) = (f,aom) = (foma) = (f,7(a))

Thus, 7 or =7 on A and the diagram commutes.
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For (ii), let {z,} C A*" be a net converging to = € A™ in the o(A™, A*)
topology. Thus, given any f € A* and any € > 0 there exists an o such that

|((za — ), f)| < € whenever a > ay

Next, given g € m(.A),, we have that m.(g) € A*. Thus,
(T(xa — ), 9)| = [{(xa — ), m(9))| < € whenever a > o, ()

and so 7 is o(A**, A*)-ultraweakly continuous.

For (iii), observe that the image 7((A**);) of (A**); is ultraweakly com-
pact by the continuity of 7 and contains 7(A;). Moreover, since 7 is faithful,
7 is an isometry. Thus, m(A;) = (7(A))1, and so by the Kaplansky density
theorem (cf. [13] Theorem 4.3.3)

=1

(A™)1) 2 7(A) = 7(A), = <7’<A>>1-

For (iv) we first show that the map 7, defined above is a surjection. Let
w € A*. By the Jordan decomposition theorem (cf. [20] II[.2.1), since 7 is

the universal representation of A, there exists &,,n, € H, such that
w(a) = (r(a)é,,n,) for all a € A.

On the other hand, by [14] Proposition 4.6.11, for any fixed &, n € H, the

map

f:m(A) — C defined by = +— (z&,n)

is ultraweakly continuous and so f € 7(A),. Hence, 7, is surjective.
Next, suppose that 7(g) = 0. Then, g o, is the zero map; that is, for all
f e n(A), we have

gomof=gofomr=0.

Thus, since 7, is surjective, g(A*) = 0 so that 7 is injective.
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Combining this result with part (iii) we see that 7 is a bijection so it
suffices to show that 7! is ultraweakly-o(A**, A*) continuous. Let {z,} C

m(A) be a net converging to € m(A). Recall that given any w € A* there
exists an f € m(A), such that w = 7, o f. Thus,

(7 (e — 2),w)| = (77 (20 — 2), m(f))] = {(a — @), )]

so 7 is a o(A**, A*)-ultraweak homeomorphism. H

6.2 Weak Extension

In this subsection we discuss a method to extend separately continuous mul-

tilinear maps to separately ultraweakly continuous multilinear maps.

Lemma 6.2.1 ([19] 3.3.2). Let A and B be C*-algebras acting nondegen-
erately on a Hilbert space H with ultraweak closures A and B. Let T be a
bounded bilinear form on A x B. If T is separately ultraweakly continuous,
then T extends uniquely to to a separately ultraweakly continuous bilinear

form 7 on A x B.

Proof. For each fixed b € B the ultraweakly continuous linear functional
Ty : a — 7(a,b) extends uniquely to an ultraweakly continuous functional
on A, say T;. By the Kaplansky density theorem 73, extends to 7}, without
change in norm. Then the mapping T : B — (A), defined by b — T} is a

bounded linear map since

I} = sup [[To]} = sup sup [|[Ty(a)]| =[]
[[bll=1 [[6l1=1 [[all=1
Next, let {b;},.; be a net in B converging ultraweakly to b € B. Then for any
a€ A, 7(a,b;) = 7(a,b) in C since 7 is separately ultraweakly continuous.

Thus, T is ultraweak-o((A).,.A) continuous. Let B; be the closed unit ball
of B. Then, by [1] Corollary I1.9, since T'(B;) is bounded by ||7||, T'(B;) is a
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relatively compact subset of (A), in the o((A).,.A) topology. Thus, T" [z, is
an ultraweak-o((A)., A) continuous map. Hence, for each fixed a € A, the
linear functional b — (a,Tb) is ultraweakly continuous on B, and so on B.

Thus, we may define a form 7 with the desired properties on A x B by
7(a,b) = (a,TD) . O

Lemma 6.2.2 ([19] Lemma 3.3.3). Let A be a C*-algebra acting nondegen-
erately on a Hilbert space H and let V be the dual of a Banach space V. If
¢ is a bounded n-linear map from A™ to 'V that is separately ultraweak-weak™
continuous, then ¢ extends uniquely without change in norm to a bounded n-

linear map ¢ from (A)" to V that is seperately ultraweak-weak* continuous.

Proof. We first prove this for V = C. We begin by constructing a finite
sequence of n-linear functionals where ¢y = ¢ and ¢, : (A)* x A" ¥ uniquely
extends ¢;_; without change of norm to a map that is separately ultraweakly
continuous. Note that uniqueness follows from ultraweak continuity and that
A is ultraweakly dense in A. For the base case, letting a; vary and holding the
remaining a;’s steady we obtain an ultraweakly continuous linear functional

on A defined by

a +— QS(CLL R ,an).

Thus, by the Kaplansky density theorem, this functional can be uniquely
extended without change in norm to an ultraweakly continuous functional
on A denoted by

a +— (Z51<CL1, . ,an).

Then, ¢, is a separately ultraweakly continuous n-linear form from A x A"~
to C that extends ¢ without change in norm. This concludes the base case.

The first part of the inductive step proceeds the same as the base case
by interchanging the roles of a; with a; assuming that the maps ¢, ..., ¢r_1
have been constructed so that ¢; : (A)7 x A" uniquely extends ¢;_; (1 <

j < k — 1) without change of norm to a map that is separately ultraweakly
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continuous. What remains to be shown is the ultraweak continuity of ¢ in
its other arguments when a;, € A \ A is fixed. To that end, let 1 < j < n,
and fix a; whenever i # j k. Let B= Aif j < k and let B = A if j > k.
Then we may define 7 to be the bounded bilinear form on A x B by

T(ag, a;) = dp—1(a1, ..., an).

This form is separately ultraweakly continuous by inductive hypothesis and so
extends to a bounded bilinear form 7 on A x B which is separately ultraweakly
continuous by Lemma 6.2.1. Moreover, by the ultraweak continuity of 7 and

o, for a; € A and since they agree on A we have

7(ak,a;) = ¢(ar,...,a,) on A X B.

Thus, ¢y is separately ultraweakly continuous in the jth position when a; €

A is fixed.
Next, let V be the dual of a Banach space V, and ¢ : A" — V. Then,
for each w € V, we may define a separately ultraweakly continuous n-linear

form on A™ by

Tw(ah s 7an) = <¢(a’17 s ,CLn),TU), HTwH S H¢|| Hw” :

Then, from what we have shown above, 7,, extends without change of norm
to a separately ultraweakly continuous n-linear form 7, on (A)". Thus, we

may define a bounded linear functional on V, by

dlay, ... ay)  w e Ty(ay, ... a,)

By construction ¢ is a separately ultraweak-weak* n-linear map from (A)"
to V = (V)" where ||¢|| = [|¢]. O
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6.3 A Bridge Between Ultraweak-Weak* Continuous

and Norm Continuous Cohomology

The following lemma can be found in Blackadar [4] 111.5.2.11 or Takesaki [20]
111.2.4, T11.2.14.

Lemma 6.3.1. Let A be a C*-algebra acting on a Hilbert space H with weak

closure A. If  is the universal representation of A, then there is a projection

p in the center of the weak closure w(A) of w(A) and a *-isomorphism

0:pr(A) — A such that

O(pr(a)) =a and O(px) =7 ' (x) for alla € A and x € w(A). (38)

Moreover, 0 is a homeomorphism from pr(A) onto A if both have their ul-
traweak topologies, since x-isomorphisms between von Neumann algebras are

ultraweak homeomorphisms.

Lemma 6.3.2 ([19] Lemma 3.3.4). Let A be a C*-algebra acting on a Hilbert
space H with weak closure A. Let m be the universal representation of A, and
let p, 0 be as in Lemma 6.3.1. Additionally, letV be a dual normal A-module.

Then YV may be regarded as a dual normal w(A)-module via
z-v=~0(px)v and v -z =v0(px) (39)

and there are continuous linear maps

L, Z2(AY) = L (7(A), V),

S, LM (r(A), V) = ZLM(AV)

W, : Zy(n(A),V) = Z'AV)
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such that:

(Z) aTn = Tn+1a, aWn = Wn+18, and 35’” = Sn+13,

(i) | Tall Sall Wl < 1,

(111) if B is a C*-subalgebra of A, T,, maps B-multimodular maps to m(B)-

multimodular maps, and S,, and W,, map 7(B)-multimodular maps to

B-multimodular maps,

(iv) S, T, is a projection from L"(A,V) onto L1 (A, V),

(v) if C is the C*-subalgebra of m(A) generated by 1 and p, and if

e Lr(m(A),V:C),

then Wy = Spp € L7(A, V),
(vi) W, T,, is the identity map on L7 (A, V).

Note that for v € £ (n(A),V : C) being C-multimodular is equivalent
to having the property that ¢ (as,...,a,) = 0 if any of the arguments a; €

(1 - p)r(A).

Proof of the properties of the map T,,. We begin by constructing T,,. Let ¢ €
2" A, V). Then the equation

O1(x1, .. ) = 0(0(px1), ..., 0(pxy,)) forall xq,...,z, € 7(A)  (40)

defines ¢; € L7 (m(A),V). Moreover, ¢ — ¢ is an isometry by line (38).
Next, let v € V, and define a map

Tpi: T(A) = C by z; — (v, ¢1(x1,. .., @iy, Tp))
where the x;’s k # i are fixed.
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Clearly this map is bounded and so 7, ; € m(.A)*. Then, since 7 is the uni-
versal representation of A, by [20] I11.2.4 every continuous linear functional in
m(A)* is ultraweakly continuous and so 7, ; is ultraweakly contiuous. Thus, ¢,
is separately ultraweak-weak™ continuous since v € V, was arbitrary. Hence,
o € L2 (n(A),V). Moreover, by Lemma 6.2.2, we may uniquely extend ¢,
to ¢1 € 27 (w(A),V) without change of norm. The map T}, is then defined
by Tho = ¢1.

Next, for all z;, z;4; in m(A) we have that

0(px;)0(pzjr1) = O(pipTits) = 0(pT)iTi41)

since € is a *-isomorphism and p is a central projection in 7w (.A). Thus, for

all zq,..., 2,41 € T(A) we have

Ol p(x1, ... Tyat)

= xl(Tn¢)(x27 s 7xn+1)

n

+ Z(—1>](Tn¢)($1, e s LjTj41,y - - ,$n+1)

j=1

+(_1)n+1(Tn¢)(x1> o 7xn)xn+1

= 9(19951)615(9(2%2% e >9(pxn+1))

+> (1Y (0(pz1), . .., 0(pz)0(prjs1), - - O(PT0i1))

Jj=1

+(—1)”+1¢(9(px1), . ,Q(pxn))ﬁ(pan)

= n+18¢<l’1, e ,ZL’n_H).
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Then, since the maps dT,,¢ and T,,10¢ are separately ultraweakly-weak™*
continuous we have that

aTn(b - Tn+1a¢.

Lastly, we show that 7,, maps B-multimodular maps to 7(B)-multimodular
maps. Let ¢ € LM A,V : B), x1,...,x, € 7(A), and b € B. Then, since
x;m(b) € m(A) we have

Top(xr,...,x;m(b), ..., x,) = ¢1(x1,...,z;7(b), ..., xp).
Next, setting z; = m(a;),

o1(21,. .., z;m(b), ..., z,) = ¢(O(pz1),...,0(pz;)0(pm (b)), ... x,)

=¢(ay,...,ab,a;41,...,a,) = P(ar,...,a5,ba41,...,a,)
= (b(e(pwl)a s 79(pxj)7 g(pﬂ—(b))e(px]+l) T 73311)
= n¢($1, R 7xj7ﬂ-(b)xj+17 e ,CCn).

Then, using the action defined on line (39), a similar calculation shows that
7(0)Tnp(xr, ... xj, ..., xy) = Thod(m(b)xy, ..., x5, ..., Tp)

and that
Top(xr, ... x4, ..., x,m(b)) = Toop(z1, ..., 25, ..., xn)m(D).

Hence, noting that T,, is ultraweak-weak™® continuous and that V is a normal

A-bimodule, T;, maps B-multimodular maps to 7(B)-multimodular maps.
O
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Proof of the properties of the map S,,. We begin by constructing S,,. The
map S, : Z"(1(A),V) = £L7(A,V) is defined by

(Sp)(ay, ... a,) = (O ay),...,0  (a,)).

Note that, since 0 is a isomomorphism, ||.S,| < 1.
Observe that, by (38) and the action defined on line (39)

Sn+18@/)(a1, N ,an+1) = 8¢(9_1(a1), e ,9_1(an+1))
- a1w<971(a2)7 te 7071<an+1))

n

+ (=10 (@), -, 0 (aja501), -, 0 (anga))

j=1
+(—1)n+1@/’(9_1(a1)7 s ’0_1(0%»0’71-&-1
= 8Sn¢(a1, e 7an+1)
for all (ay,...,ans1) € A" Now, since 6 is an *-isomorphism between

von Neumann algebras and every ¢ € £7(A,V) is ultraweak-weak™ contin-
uous, it follows that S, is ultraweak-weak™® continuous so that the previous
calculation holds on A and so S, 110¢ = 0S,1.

Next, using that # is a *-isomorphism once more, if B is a C*-subalgebra

of A, then 0~%(B) = pr(B). Thus, if ¢ is a 7(B)-multimodular map then
Sp1p is a B-multimodular map.

Lastly we show that S, T;, is a projection from .Z"(A, V) onto Z'(A, V).
Suppose that ¢ € Z"(A,V). Note that S, sends T,¢ to Z(A,V). How-
ever, ¢ is already in Z"(A,V) and the extension that takes place in the

construction of 7}, is unique. Hence, for a; € A we have

S, Thp(ay,. .. a,) = Tap(0  (a),...,0 an)) = ¢(ai,...,a,). O
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Proof of the properties of the map W,,. The map W,, : £ (w(A),V) = LA, V)
is defined by
Wotb(ay, ... a,) = Y(w(ay),. .., 7(a,)).

Note that, since 7 is a homomorphism, |[W,,| < 1.
Observe that, OW,(ay, ..., apy1)

= a1 (W) (ag, ..., ans1)
+Z Wab)(a, ..., a5a541, ..., ang1)

+H=D)" (W) (an, - -, an)ansa

=m(a1) - (m(ag), ..., m(ani1))
+ Y (CD(m(@), . wag)m(agen); - m(an)

+(=1)"(w(ar), . w(an)) - 7 (ans1)

= n+18¢(a1, Ce ,anH)

by the definition of the action in line (39).
Next, if ¢ € Z(A,V), then

W, T,o(ay, ... a,) = Tho(mw(ay),...,m(ay))

(b(e(pﬂ-(a’l))’ s 7‘9(2977-(&”))) = (b(a’l’ s 70%)
so that W, T, is the identity on £ (A, V).
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Lastly, if v € Z(7w(A),V : C) we have,
Wo(ay, ... a,) =¢(r(ar),...,7(a,))
=¢(m(ar),...,m(an)) -p by (39)
=¢(pr(ay),...,pr(a,))  since p is a central projection

and v is C-multimodular
= (O (@), 07 (an)) since 8 (a) = pr(a)

= Snw(al, RN ,an)
]

Remark 6.3.3. Note that, if A CV = Z(H) then W,, maps .Z'(7(A), A) to
LI (A).

Lemma 6.3.4 ([19] Lemma 3.3.5). Let A be a C*-algebra and let V be a

dual normal A-bimodule. Then the homomorphism
H}(AV)— HYAYV) induced by Z)(A,V)— ZLI'AYV)

18 surjective.

Proof. Note that span{1,2p — 1} = C. Moreover, the unitary group of C
isU={p+ul—p): \peC,/ |\ =|u =1} We will average over this
group to build the map K, from Lemma 4.3.2. Recall that whenever u &€
U, w= Ip+ pu(l — p) appears during the construction of K, so does u* =
Ap + 7i(1 — p). Thus, using the multilinearity of our maps, our averaging
operator becomes a two term sum and so preserves weak continuity. Thus,

for each

e ZLy(r(A),V), K. e L (n(A),V). (41)

So if ¢ is a cocycle, then ¢ — 0K ,¢) is C-multimodular.
Next, let ¢ € Z"(A,V) be a cocycle. Then, by Lemma 6.3.2 (i), we have
that
0T,¢ =T,4100 =0
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so that T,¢ is a cocycle in £} (7(A),V). Hence, (T,¢ — 0K, T,¢) is C-
multimodular. Recall that, by Lemma 6.3.2 (v), W, takes C-multimodular

maps to ultraweak-weak™ continuous maps and so

W (Top — 0K, To0) € Z0(A, V).

Next, for ¢ € £L"(A, V), by line (41) we have that K,,T,¢ € Z7 1(r(A), V).
Thus, by the definition of W, it follows that

oW, 1K, T,¢ is a coboundary in Z"'(A,V).

Additionally, by Lemma 6.3.2 (vi) W, T, is the identity map on .Z"(A,V)

and so
Wo(Thop — 0K, Td) = (¢ — OWn 1 K, T) € L7(A, V).

Thus, the map H]'(A,V) — H(A,V) is a surjection. O

Theorem 6.3.5 ([19] Theorem 3.3.1). Let A be a C*-algebra acting on a
Hilbert space H with weak closure A. Additionally, let V be a dual normal
A-module. Then,

Hi (A, V) = H,(A, V) = Hi(A V)

Proof. By the previous lemma we have that the map H™(A,V) — H*(A,V)
is a surjection. To see that this map is injective first note that for ¢ &
LA, V) we have that S, 17,1 € £ (A, V) by Lemma 6.3.2 (iv).
Next, if ¢ € Z"(A, V) with ¢ = O where 1 € £ 1(A,V), then

¢ = a¢ = SnTngl/} = 8S7L—ITTL—177Z)’

Thus, the map H](A,V) — H}(A,V) induced by the inclusion is also injec-

tive and so an isomorphism.
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Lastly, by Lemma 6.2.2, the restriction map Z7(A,V) — ZA,V) is

an isomorphism and so we are done. O

Remark 6.3.6. Note that the ultraweak closure of C* (X) is Z(¢*(X)). Hence,

by the previous theorem we have that

Hp(C} (X)), B((X))) = HIN(B((X))).

6.4 On the Vanishing of the Ultraweak-Weak* Contin-

uous Cohomology of Uniform Roe Algebras
In this subsection we prove the following theorem.

Theorem 6.4.1. If the continuous Hochschild cohomology of a uniform Roe
algebra associated to a bounded geometry metric space vanish in all dimen-
sions, then the ultraweak-weak™® continuous Hochschild cohomology of that

uniform Roe algebra vanishes in all dimensions also.

Before we prove this theorem we will need a few lemmas. Once more
for notational convenience throughout we let: A = C¥ (X), B = B((*(X)),
and { = (>(X).

Lemma 6.4.2. Let w be the universal representation of A, and let p be the
projection from Lemma 6.3.1. If {q.} is the net of finite rank projections in

¢ with its usual ordering then

p in w({).

ﬂ_(qa) ultraweakly
Proof. Recall that the double dual of the compact operators K(H)** is nat-
urally identified with # (cf. [20] I1.1.8). Moreover, since K(H) is an ideal in
Cx (X) and {q,} is an approximate unit for 8(#), by Blackadar [4] I11.5.2.11,

there exists a central projection ¢ € A™ such that

jo — ¢ in the o(A™, A*) topology and ¢gA*™ = &(H)"™ = pr(A)
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Thus, if 7 is the map from Lemma 6.1.1, using Lemma 6.1.1, we have
that 7(q) = p. Moreover, since {q,} C ¢ and 7 is a o(A™, A*)-ultraweak

homeomorphism, we have that

ﬂ_(qa) ultraweakly p and p E 7'['( ) D

Lemma 6.4.3. If ¢ € LA : () then ¢ € ZL(A). That is, L1MA: 1) =
LA 0 C LA,

Proof. Since T, takes f-multimodular maps to 7(¢)-multimodular maps we

have

SoTho(ar, ... a,) =Top(0 (ar),...,07 (a,)) by the definition of S,
=T,¢(pm(ay),...,pm(a,)) by the properties of 6
=p-T,o(r(ay),...,m(a,)) since p is central and

T, ¢ is 7(¢)-multimodular.

=p-dlay,...,a,) by the definition of T,.
=od(a,...,an) by line (39).
Then, since S,,T,, is a projection from £*(A) onto £ (A, A#), we are
done. [

Lemma 6.4.4. If H" '(A) = 0 then the map H"(A) — H"(A) is an injec-

tion.

Proof. Suppose that ¢ € Z"(A) with ¢ = 0y for some p € Z" 1 A).
So if H'"'(A) = 0, we have H" '(A : ) = H"'(A), since by Remark
5.2.2 H (A : ¢) = 0. Hence, without loss of generality, we may assume
e LAl C L A). Thus, [¢] =0 in H?(A) and we are done. [
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We are now ready to prove Theorem 6.4.1.

Proof of Theorem 6.4.1. Since derivations are automatically weakly contin-
uous by Theorem 3.1.3, H.(A) = H!(A) = 0. Next, given any n > 1 we
have that H" '(A) = 0, so by Lemma 6.4.4, H"(A) — H(A) is an injec-
tion. Moreover, H(A) = 0, so we must have that H]'(A) = 0. Since n was

arbitrary we are done. O]
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